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Abstract 

We show that the minimization of the Lagrangian action functional on suit- 
able classes of symmetric loops yields collisionless periodic orbits of the n-body 
problem, provided that some simple conditions on the symmetry group are sat- 
isfied. More precisely, we give a fairly general condition on symmetry groups 
G of the loop space A for the n-body problem (with potential of homogeneous 
degree —a, with a > 0) which ensures that the restriction of the Lagrangian 
action A to the space A*^ of G-equivariant loops is coercive and its minimizers 
are collisionless, without any strong force assumption. Many of the already 
known periodic orbits can be proved to exist by this result, and several new 
orbits are found with some appropriate choice of G. 

MSG Suhj. Glass: Primary 70F10 (Mechanics of particles and systems: n-body 
problems); Secondary 70F16 (Mechanics of particles and systems: Collisions 
in celestial mechanics, regularization) , 37C80 (Dynamical systems and ergodic 
theory: Symmetries, equivariant dynamical systems), 70G75 (Mechanics of 
particles and systems: Variational methods). 

Keywords: symmetric periodic orbits, n-body problem, collisions, minimizers 
of the Lagrangian action 

1 Introduction 

The method of minimizing the Lagrangian action on a space of loops symmetric 
with respect to a well-chosen symmetry group has been used in some recent papers 
to find new interesting periodic orbits for the n-body problem |TSl ^5 [Tj 122 . Such 
a variational approach has been extensively exploited in the last decades by several 
other authors. We refer the reader to the following articles and references therein: 

laiiiEiisiiniiiniiniEaEsiEniEiiisniisiiisaissiisni. tms approach consists 

in seeking periodic trajectories as critical points of the action functional associated 
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to a system of n particles with masses > 0, interacting through a potential of 
homogeneous degree —a, 

(1.1) A{x{t)) = I 

Jo 

The main difficulties reside in the fact that the action functional is not coercive and 
that in principle critical points might be trajectories with collisions. Actually this 
can happen only when a < 2, since if a > 2 (strong force) the action on colliding 
trajectories is not finite [23 In the quoted papers [T31 HH [7] these problems 
are overcame by level estimates and an appropriate choice of a group of symmetries 
acting on the space of loops that penalizes the global cost of collisions. An alternative 
approach consists of trying to find local variations around a (supposed) colliding 
minimizer and it was used e.g. in [32]. A major breakthrough in this direction is 
the recent Marchal sharp contribution [23 [HI (see below remark |(8.5)| ) . Marchal 
introduced the idea of averaging on suitable sets of variations for the Keplerian 
potential a = 1 and for discs or spheres, so to prove that minimizers of the fixed- 
ends (Bolza) problem are free of interior collisions. The aim of the present paper 
is to go further in this direction and to give general conditions on the group action 
(the hypothesis of |(4.1)| and the rotating circle property) under which minimizers 
of the action exist and are collision- free. Compared to the existing literature, our 
results hold for all homogeneous potentials (not only for the Newtonian potential 
with a = 1), include many of the known symmetric orbits and allow to prove the 
existence of new families of collisionless periodic orbits. Also, another interesting 
feature of our approach is that these families can be found with suitable algebraic 
algorithms, which generate group actions having the rotating circle property. On the 
other hand, our results are not suitable to prove the existence of those orbits that 
are found as minimizers in classes of paths characterized by homotopy conditions or 
a mixture of symmetry and homotopy conditions (see [23 E])- 

Let X denote the space of centered configurations (possibly with collisions) ofn > 
2 point particles with masses mi, m2, . . . , m„ in the Euclidean space M.'^ of dimension 
d > 2 (that is, X is the subspace of M"'^ consisting of points x = (xi, . . . ,x„) with 
centered center of mass Y17=i '^i^i = 0). Let T = M/TZ denote the circle of length 
T = |T|, embedded as T C M^. 

By the loop space A we mean the Sobolev space A = H^{T,X) (see section 
121) • Consider a finite group G, a 2-dimensional orthogonal representation t: G 
0(2), a (i-dimensional orthogonal representation p: G —>■ 0{d) and a homomorphism 
a: G —>■ Tin to the symmetric group on n elements with the property that E G : 
{a{g){i) = j =^ rrii = rrij) . Thus, if the action of G on {1, 2, ... , n} is transitive, 
we will consider the problem of n equal masses; otherwise there may be particles 
with different masses. Finally, consider the subspace A*^ C A consisting of all loops 
X G A with the property that 

V^f G G, Vt G T,Vz = 1 . . .n : p{g)x„{g-i)(^^{t) = Xi{T{g)t). 

Let A'^ denote the restriction of the action functional A to A*^. As it is shown in 
section |21 the homomorphisms p, r and a yield an action of G on X,T and A, and 
A'^ is the subspace of G-equivariant loops. 



rriim 



'J 



Xiit) - Xj{t)Y 



dt. 



2 



A first result is proposition |(4.1)| The action functional A'^ is coercive if and 
only if X'^ = 0, where X'^ C X is the subspace fixed by G. This extends a previous 
coercivity result by Bessi and Coti-Zelati |H] and is the first step in the variational 
approach to the ri-body problem: if p and r are chosen so that = 0, then the 
minimum of A'^ exists. 

The next goal is to exclude the occurrence of collisions on minimizers by per- 
forming a throughout analysis of collision-ejection trajectories. This step requires 
the proof of asymptotic estimates (in the same spirit Sundman and Sperling esti- 
mates (see 1^ ) for partial collisions that make possible the application of the 
blow-up technique. This analysis allows us to reduce the general case to that of 
homotetic self-similar collision trajectories. Now a key estimate |(8.4)| comes into 
play: it is more convenient (from the point of view of the integral of the potential 
on the time line) to replace one of the point particles with a homogeneous circle of 
same mass and fixed radius which is moving keeping its center in the position of the 
original particle. This generalizes to every a > Marchal's result that minimizers of 
the fixed-ends (Bolza) problem are free of interior collisions (see corollary |(10.6)| ). 
We recall that the case of binary and triple collisions was already treated in [22] ■ 

Finally, to prove that equivariant minimizers are free of collisions we need to 
match the averaging procedure with the action of the group G. To this end, we 
introduce a condition on the action of the group G, that we call rotating circle 
property (see definition |(10.1)| and |(3.15) ). Under such a condition of the G-action 



we will prove our main result (theorem (10.10)| ): all (local) minimizers of the action 



A'^ on the space A"-^ of equivariant loops are free of collision. A major step towards 
the proof consists in theorem |(10.3)| a minimizer of the equivariant Bolza problem is 
free of collisions, provided the symmetry group acts with the rotating circle property. 

Most of the symmetry groups used in the quoted literature in fact enjoy the 
rotating circle property; otherwise it is usually possible to find another action, which 
has the same type of minimizers, that fulfills the requirements of theorem |(10.10)| 
In particular the following actions have the rotating circle property: the ra-cyclic 
action of choreographies (see example |(11.1) ) and that of the eight-shaped orbit, for 



any odd number of bodies. A number of examples and generalizations of the known 
actions will be given in the last section ^2 The classification of all actions with the 
rotating circle property goes beyond of the purpose of this paper and is the subject 
of a paper in preparation. 

The article is organized as follows. 

1. Introduction. 

2. Preliminaries. 

3. Symmetry constraints. 

4. Coercivity and generalized solutions. 

5. Isolated collisions. 

6. Asymptotic estimates. 

7. Blow-ups. 

8. Averaging estimates. 

9. The standard variation. 

10. The rotating circle property and the main theorems. 

11. Examples. 
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2 Preliminaries 

In this section we set some notation and describe preliminary results that will be 
needed later. Let 1/ = M'' denote the Euclidean space of dimension d and n > 2 an 
integer. Let denote the origin G M'^. Let mi . . . m„ be n positive real numbers. 
The configuration space X ofn point particles with masses respectively and center 
of mass in can be identified with the subspace of V"' consisting of all points x — 
{xi, . . . , Xn) e V"' such that Yl^=i ^i^i — 0. For each pair of indexes i,j e {1, . . . , n} 
let Ajj denote the collision set of the i-th and j'-th particles Ajj = {x & X \ Xi ~ Xj}. 
Let A = UjjAjj be the collision set in X. The space of collision-free configurations 
A'x A is denoted by X. Let n denote the set {1, . . . ,n} of the first n positive integers, 
i.e. the set of indexes for the particles. If k C n is a subset of the index set n, let k' 
denote its complement in n. Given two subsets a, b C n with a n b = 0, let Aa,b be 
the union Aa,b = Ueajeb ^iJ- 

Let a > be a given positive real number. We consider the potential function 
(the opposite of the potential energy) defined by 



(2.1) U{x) = J2 



miTrij 



i<j 



X^ ^ J 



The kinetic energy is defined (on the tangent bundle of X)hy K — Y^^=i ^^il^^iP 
and the Lagrangian is 

(2.2) L(X, x) = L = K-rV = Y^,^^\i^^\"^Y. ^^Z^" 



i<j 



When replacing the inertial frame with the uniform rotating one the kinetic energy 
needs to be changed into the corresponding form 

(2.3) K = ^^mi\xi + Q,Xi\'^, 

i 

where Q is a suitable linear map V ^ V, which does not depend on t. For example, 
in dimension d — 3 if the constant angular velocity is oo and the rotation axis is cu, 
with |u;| =00, we obtain flxi = cu x Xi. Accordingly, the Lagrangian for the rotating 
frame is 



(2.4) L{x,x) = ^^mi\xi + Qxif + 



mirrij 

X 7 X 4 
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Let T C denote a circle in of length T = |T| . It can be identified with . 
where TZ denotes the lattice generated by T G M. Moreover, let A = H^{T,X) be 
the Sobolev space of the loops T ^ X with derivative. It is a Hilbert space 
with scalar product 



(2.5) x-y= {x{t)y{t) + x{t)y{t))dt. 

The corresponding norm is denoted by An equivalent norm is given by 



:2.6) = ( y"( / xidt+[x^^ 

\i=i 



2 



2\ 



where [x] is the average [x] = xdt. The subspace of collision-free loops in A is 
denoted by A C A and is defin ed by A = HUT, X) C H\T, X). 

Given the Lagrangian L of |(2.2)| or |(2.4)[ the positive-defined function A: K ^ 
M U {(X)} defined by 

(2.7) A{x) = / L{x{t),x{t))dt 

for every loop x = x{t) in A is termed action functional (or the Lagrangian action). 

The action functional A is of class on the subspace A C A consisting of 
collisionless loops. Hence critical points of ^ in A are T-periodic classical solutions 
(of class C^) of the Newton equations 

/ , dU 

(2.8) rriiXi = — . 

ox. 

For X = x{t) G A let x^^/S. C T denote the set of collision times. Our approach is to 
minimize A in some closed subsets of A, and such minimizers are not necessarily in 
A since they can have collisions. 

Let k C n be a subset of the index set n. The partial kinetic energy K]^ can be 
defined as 



Xi 



(2.9) ^^ = T. 2 

and in a similar way let the partial potential function f/k be defined by 



mirrij 



(2.10) U^= Yl 

i,j&]s.,i<j 

For every k C n by homogeneity 

(2.11) 5^x.^ = -«[/k. 

Moreover, let ?7k,k' be the sum 

(2.12) t/k,k' = t/-t/k-t/k', 
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which can be defined (and it is regular) for x ^ Ak,k'- 
Given a subset k C n we define the partial energy by 



(2.13) 



In the same way, let Ly_ denote the partial Lagrangian = -ft'k+f^;- This Lagrangian 
is considered as a function of t, once a path x{t) is chosen. The (partial) Lagrangian 
operator will be denoted by ^k, and its value on the path q = (gi)iek simply by 



Many interesting and well-known periodic orbits have a non-trivial symmetry group 
(Lagrange and Euler orbits, Chenciner- Montgomery eight, as well as choreographies): 
this idea is at the roots of our search of equivariant minimizers. We now introduce 
a general method of defining transformation groups on A. Let G be a finite group, 
acting on a space X. The space X is then called G- equivariant space. We recall 
some standard notation on groups and equivariant spaces. If if C G is a subgroup 
of G, then Gx = {g & G \ gx = x} is termed the isotropy group of x, or the fixer of x 
in G. The space X^ C X consists of all points x G X which are fixed by H, that is, 
X^ = {x^X\GxD H}. Given two G-equivariant spaces X and Y, an equivariant 
map / : X — s> y is a map with the property that f{g ■ x) = g ■ f{x) for every g & G 
and every x G X. An equivariant map / induces, by restriction to the spaces X^ 
fixed by subgroups H C G, maps f^: X^ — > Y^. If if C G is a subgroup of G, its 
normalizer NqH is defined as NqH = {g E G \ = H}, for every H G G and 
every g E G the subgroup is defined as = g^^Hg. The Weyl group WqH 
is defined by WqH = NgH/H. For every H G G the Weyl group WqH acts on 
X^, and a G-equivariant map f : X ^Y between G-spaces induces by restriction a 
VFcif-equivariant map X^ Y^ . 

Consider a finite group G, a 2-dimensional orthogonal representation r: G ^ 
0(2) of G and a c?- dimensional orthogonal representation p: G ^ 0{d). By r and 
p we can let G act on the time circle T C and on the Euclidean space V, re- 
spectively. Moreover, if a: G — > S„ is a given group homomorphism from G to the 
symmetric group S„ on n elements, we can endow the set of indexes n = {1, . . . ,n} 
(of the masses) with a G-action. As stated in the introduction, we will consider only 
homomorphisms a with the property that 



Given p as above and cr with property |(3.1)[ G acts orthogonally on the config- 
uration space X by 



(3.2) \/g e G : g ■ {xi,X2,. . . ,Xn) = {p{g)x„(g-i)(^i), p{g)x„(g-i)(2), • • • , p(fi')x^(g-i)(„)). 



^k(g). 



3 Symmetry constraints 



(3.1) 




In short 



Vi G n : {gx)^ = gXg-n 
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As a representation over the reals, X is equivalent to the tensor product V^®RlRo[n], 
where ffio[n] = M[n] — 1 is equal to the natural representation M[n] minus the trivial 
representation. 

Furthermore, given the representation r and the action of G on A" by |(3.2)| we 
can consider the action of G on A given by 

(3.3) e G, Vt G T, Vx G A : ■ x){t) = gx{g-H). 

The loops in A*^, i.e. the loops fixed by G, are the equivariant loops T — A", and 
A*^ C A is a closed linear subspace. Let denote the restriction of the action 
functional [(2T)1 to A^ 

(3.4) A^ C A ^ MU oo. 

Since the action functional |(2.7)| is G-invariant (that is, A{x) = A{g-x) for every 
g & G and every x G A) and the collision set A is G-invariant in X, the following 
proposition holds (the Palais principle of symmetric criticality). 

(3.5) A critical point of A'^ in A'^ is a critical point of A in A. 

Proof. See j2Hl- q.e.d. 
Without loss of generality we can assume that 

(3.6) kerr n kerp n ker 0" = 1. 

Otherwise, we can consider G' = G/ (ker r fl ker p fl ker a) instead of G and obtain 
A*^ = A"-^. Moreover, we can assume that there exists no proper linear subspace 
V CV such that 

(3.7) Vi G n, Vx G A^, Vt G T : Xi{t) eV CV, 
and that there is no integer k ^ ±1 such that 

(3.8) Vx G A^ : 3y G A I Vt G T : x(t) = y{kt). 
In this case we say that the action of G on A is non reducible. 

(3.9) Remark. If ker r fl ker a 7^ 1, then the action is reducible. In fact, if (? G 
ker r fl ker a and (7 7^ 1, then for every z G n, for every x G A*^ and every t G T the 
particle Xj(t) belongs to the fixed subspace C V . Since by |(3.6)| (7 ^ kerp, is 
a proper subspace of V^, and hence |(3.7)| holds. 

(3.10) Remark. Also if | ker p fl ker o\> 2 the action is reducible. In fact, consider 
an element g G ker p fl ker a with g By |(3.6)| it needs to act non-trivially on T. 
Since x{gt) = x{t) for every t G T, if (7 acts as a rotation, then |(3.8)| holds. Now, 
kerp n kercr can be embedded naturally in G/kerr, which is a finite subgroup of 
0(2). Hence if | ker p fl ker (t| > 2, there needs to exist at least an element g acting 
as a rotation, so the claim is true. On the other hand, if | kerp fl kero"! = 2, the 
non-trivial element g might act as a rotation or as a reflection in T. In the first case 
again |(3.8)| holds, and hence the action is reducible, while in the second case not. If 
there is a reflection g oiT such that x{gt) = x{t) for every t G T, then x{t) is said a 
brake orbit. 
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For some choice of r, p and cr, it can be that for every equivariant loop the set of 
coUision times is not empty 

(3.11) Vx e : x-^A ^ 0, 
that is, 

= A^ C A^. 

If this happens, we say that the action of G on A is hound to collisions. 

(3.12) Remark. If kerr fl ker p ^ 1, then it is easy to see that the action of G 
is bound to colhsions. Therefore, G is a finite subgroup of 0(2) x 0((i). If d = 2 
this implies that G is metabelian, since it is a subgroup of the direct product of two 
dihedral groups. If = 3, then G is a finite extension of a finite metabelian group 
with a platonic group. Hence the only case in which G is not solvable occurs when 
G projects onto the icosahedral group in 0(3). 

Moreover, by remark |(3.9)[ it is possible to show that O is a finite subgroup of 
0(2) X E„. 

Consider the normal subgroup kerr <l G and the quotient G = G/kerr. The 
Weyl group of kerr acts on the space ^^'^^'^ by restricting the action of G on X, so 
that the natural inclusion X^^^'^ — > X induces an isomorphism of Hilbert spaces 

H^{T, A'kerr^G =..^ ^l^J^ ^ f — A^ 

Y " 

(3.13) I 

H^T.X^'''^)^ — ^i7i(T, A") ^— A 

By definition G acts effectively on T, hence it is a dihedral group or a cyclic group. 

(3.14) Definition. If the group G acts trivially on the orientation of T, then G is 
cyclic and we say that the action of G on A is of cyclic type. 

If the group G consists of a single reflection on T, then we say that action of G 
on A is of brake type. 

Otherwise, we say that the action of G on A is of dihedral type (and it is possible 
to show that G is a dihedral group). 

(3.15) Definition. The isotropy subgroups of the action of G on T via r are called 
T-isotropy subgroups of G. 

(3.16) Remark. Let / be the number of distinct isotropy subgroups of G, with 
respect to the action of G in T, or, equivalently, the number of distinct T-isotropy 
subgroups of G. If I = 1, then the action is of cyclic type. The maximal T-isotropy 
group is the unique isotropy group, which coincides with kerr. If Z = 2, then 
the action is of brake type, and the T-isotropy groups are the maximal T-isotropy 
subgroup and kerr. If / > 3, then the action is of dihedral type, and the T-isotropy 
subgroups are either maximal or ker r. This shows in particular that definition |(3.14)| 
is well-posed. 
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(3.17) Definition. Let I C T be the closure of a fundamental domain for the action 
of G = G / ker r on T defined as follows. If the action type is cyclic, let I be a closed 
interval connecting the time t = in T with its image zt under a cyclic generator z 
of G. Thus in this case I can be chosen among infinitely many intervals. If the action 
type is brake or dihedral, then I is a closed interval with as boundary two distinct 
points of T with non-minimal isotropy subgroups in G and with no other points in 
its interior having non-minimal isotropy. There are \G\ such intervals. 

Let i^o and Hi denote the isotropy subgroups of such consecutive points. If the 
action type is brake, it is easy to see that Hq = Hi = G; if the action type is dihedral, 
then Hq and Hi are distinct proper subgroups of G (they can be conjugated or not). 
Furthermore, since 

(3.18) T=|J^I 

and the interiors of the terms in the sum are disjoint, the fundamental domain I is 

T 

always an interval of length 

\G\ 



(3.19) Remark. By remark |(3.12) , if ker r fl ker p 7^ 1, then the action is bound 



to collisions. If the action is not of cyclic type and for some T-isotropy group H C. G 
the intersection H fl kerp 7^ 1, then C A, and hence the action is bound to 
collisions, since in this case at the time t G T"^ 7^ the configuration x{t) necessarily 
belongs to . 

Furthermore, in principle it is possible that an action is bound to collisions even 
if if n ker p = 1 for every T-isotropy H C. G. If X^'^^'^ \ A is not connected but 
j^^kerr \ jg couuected, then the action is bound to collisions, since necessarily 

any equivariant path pass through A. 



4 Coercivity and generalized solutions 

Existence of minimizers follows from coercivity of the functional A'~^: we now prove 
proposition |(4.1)[ which gives a (necessary and sufficient) criterion to guarantee 
coercivity. Then, we will describe some important properties of minimizers (which 
a priori might have collisions). Let / = I{x) = denote the moment of 

inertia of a configuration x ^ X with respect to the its center 0. The action functional 
: hp — >■ M U cxD of 1(2.7)1 is called coercive in A*^ if J^[x) diverges to infinity as 
the if^-norm goes to infinity in A*^. This property is essential in the variational 
approach, since it guarantees -by classical arguments- the existence of minimizers 
(and hence of generalized solutions - see definition |(4.6) below) of the restricted 



action functional ^ . In this perspective proposition (4.1)| gives a complete answer 
to the problem of finding symmetry constraints that yield a coercive functional JP . 

Furthermore, even if it is a simple exercise in variational calculus, it is worth men- 
tioning the important fact that minimizers of the action functional JP are classical 
solutions of the Newton equations outside collision times (see remark [(4.4)| ). 

(4.1) Proposition. The action functional A'^ is coercive if and only if X'-^ = 0. 
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Proof. For every g G G,hy changing variables, 



x(t)dt = / x{gt)dt = g x{t)dt, 

T Jj J J 

therefore the average — Jjx(t)dt belongs to the fixed space X"^. So, if X'^ = {O}, 
then for every i G n the average 

^ [ Xi{t)dt = 

vanishes - for every loop in A*-^, and hence in A*^ the norm |(2.6)| is actually equivalent 
to the norm given by the square root of the integral of the kinetic energy, so that 
there is a constant c > such that 



< c( / y^m^x-)^/^. 



Hence if = the Lagrangian action A'^ is coercive: if a sequence Xn is such that 
||a;„|| —>■ oo, then the integrals of the kinetic energy need to diverge to infinity, and 
hence A'^{xn) diverges. 

Conversely, assume u G \ 0. There is a loop x{t) G A*^ for A'^ with finite 
action. If A; ^ 0, the loop x + ku & A*^ has the property that A'-'{x + ku) < A^{x). 
On the other hand \ku\ — * oo as A; — > oo, and hence A'^ is not coercive. q.e.d. 

Now consider an action of G given by a choice of r, p, a with property |(3.1)| 
Consider a path x{t) in X^'^^'^; up to a change of variables we can assume that x(t) 
is defined in [0, 1]. Given a real function rjit) with support in [0, 1], a real e > 
and a subset k C n, consider the variation S^it) defined by 



(4.2) 



S^^(^t) = Xi{t + er]{t)) - Xi{t) iiiek 



(4.3) For every real function t] with support in [0, 1] and for every subset k C n 
such that Vt G [0, 1] : x{t) ^ Ak,k'; the following equation holds. 

A{x + 6') - A{x) = e (^EkV + ■ x^v^ dt + o(e) 

Proof. The Lagrangian can be decomposed as 

L = fsTk + i^k' + f/k + f/k' + f/k,k', 
where the variation occurs only in the terms Kk, f^k and t/k,k'- Thus 

A{x + 5') - A{x) = [ ALkrft + [ AUk^k'dt. 

Jo Jo 
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Now, the claim follows since 



= e / Ei^-qdt + o(e) 
Jo 



and 



f Af/k^k^cit = e /" ^^^'^ ■ iiVdt + o(e). 
Jo Jo 

The latter equation holds because f/k,k' is a function of x, since Vt : x(t) ^ Ak,k'- 
We refer the reader to for further details in classical variational techniques. 

q.e.d. 

(4.4) Remark. In particular, if k = n, lemma |(4.3)| and an argument similar 
to the proof of |(3.5)| implies that minimizers of the action functional A'^ satisfy 
Euler-Lagrange equations outside the collision set, and hence outside collision times 
minimizers are classical solutions of the Newton equations |(2.8)| 

(4.5) Definition. We say that a path x{t): {Tq,Ti) ;)fker-r (^-vvhere Tq or Ti may 
be infinite) is a local minimizer if there is e > such that for every variation 5 G 
H^iR,X^^'^) with compact support in [To,Ti] and < e, A{x + 5) < A{x). The 
path x{t) is called a minimizer (once the domain [To,Ti] is fixed) if for every 5 with 
compact support A{x + 5) < A{x). 

(4.6) Definition. A path x{t) defined on an interval (To,Ti) is called a gen- 
eralized solution of the Newton equations |(2.8)| if x{t) is a C2 solution of [(2:8)1 m 
(To,Ti) \ x~^A, the Lagrangian action of x{t) on (a, 6) is finite and the following 
property holds: 

For every subset k C n and every interval (tc^i) C (To,Ti) such that 
Vt e [tQ,ti\ : x{t) ^ Ak,k', the partial energy is a if^ function of the 
time t in [to, ti]: 

(4.7) Vt G [to, ti] : x(t) ^ Ak,k' ^ ^k G i^'((to, ^i), '^)- 



(4.8) Remark. Since x is continuous, x~^A is closed, so that the definition is 
consistent. The hypothesis that the action is finite implies that x~^A has measure 
zero. 

Furthermore, the definition describes the following property (which (local) mini- 
mizers of the Lagrangian action have - see later proposition |(4.H'j| : if you consider a 
cluster k C n and an interval of time [to, ti] such that there are no collisions between 
particles in k and in its complementary cluster k' — that is, particles in k collide 
only with particles in k — then the partial energy E]^ is H^, and in particular is 
continuous. In general at collision times discontinuous energy transfers can occur 
inside colliding clusters, and this property describes the simple fact that transfers 
cannot occur between non-colliding clusters. 
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(4.9) Remark. In ^ji^j a path x{t) defined on (ro,Ti) is called a weak solution of 
1(2.8)1 if (To, Ti) \ x~^A is open and dense in (To,Ti), x{t) is a solution of |(2.8)| 
on (To, Ti) \ A and the energy of the solution is constant, i.e. the function E of 
1(2.13)1 does not depend on t G (To,Ti) \ x^^A. By applying definition |(4.6)| with 
k = n, we obtain that a generalized solution is in particular a weak solution. 

(4.10) Remark. Assume that x{t) is a generalized solution of |(2.8)| in (to,^i), and 
that k C n is a subset such that the particles in k do not collide in {to,ti). Then 
xi^{t) can be extended to a solution of the partial problem 

V« e k : rriiXi = 7—. 

OXi 

Furthermore, given k C n, let xq be the center of mass of the particles Xi with i G k. 



xo = — > miXi, 

where mo = ^jgk"^«- ^i^) ^ generalized solution such that for every t the 
configuration x{t) Ak,k', then the trajectory of the center of mass xo{t) is a 
curve such that 



since E.,k & = 0. 



(4.11) Proposition. If x: [To,Ti] —>■ X^'^'^'^ is a local minimizer of the Lagrangian 
action A, then x is a generalized solution of \(2.8)\ If collisions do not occur, then 
it is a classical solution. 

Proof. It is a classical result that x{t) is outside the collision times (see remark 
1(4. 4)| ) and that the action A is finite. It is only left to prove property |(4.7)| Let 
[to,^i] C [To,Ti] be a finite interval and k C n a subset of the index set n. By 
reparametrizing the time interval and rescaling the problem we can assume that 
[^0,^1] = [0, 1]. So, we assume that for every t G [0, 1] the configuration x{t) ^ Ak,k'- 
Then, since x is a minimum for the function A{x + S*^) of e defined in |(4.2)[ by 
lemma |(4.3)| for every choice of r/. 




■ XiTj \ dt = Q. 

Moreover, for every t of its domain and every e, 5^{t) G X^°^'^ . Hence 



dU 

Since for every i G k the function is continuous in t, and therefore the product 

■ Xi is in T^((0, 1), A''^'^'"^), the partial energy is a continuous function of 

t. q.e.d. 
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(4.12) Proposition. If = 0, then there exists at least a minimum of the La- 
grangian action , which yields a generalized solution of \(2.8)\ in A*^. 

Proof. Proposition |(4.1)J implies that is coercive and so by classical results 
the minimum x{t) of A'^^ in A*^ exists (see e.g. [IHl). By proposition |(4.11)| it 
is possible to show that if x is a local minimum for A*^ , since then its restriction 
x|I to the fundamental domain (see |(3.17)| ) is a local minimizer, the restriction to 
a fundamental domain a;(t)|I is a generalized solution. Therefore x is a generalized 
solution in the times of non-minimal isotropy. To complete the proof, it is necessary 
to show that x{t) is a generalized solution in T, that is, that the partial energies 
E\f^ are continuous when passing times with maximal T-isotropy. These exist only 
if the action is not of cyclic type, since otherwise one can change the fundamental 
domain and apply again proposition |(4.11)| Hence assume that the action is not of 
cyclic type and (without loss of generality) that to = G T is a time with maximal 
T-isotropy. Let e > be a small real number. Since x{t) is a generalized solution in 
[0, e] and in [— e, 0] and E]^{gt) = Ei^(t) for every g E G, we just need to show that 
there exists g E G such that (?[— e,0] = [0,e]. But this is a consequence of the fact 
that has maximal T-isotropy, and so there exists an element h E G that acts on T 
as a reflection around 0. q.e.d. 



5 Isolated collisions 

One can always assume a collision in a minimizer to be isolated (more generally, 
it holds for generalized solutions: see proposition |(5.13)| below). In this section 
we prove this property, after some background material, as a consequence of the 
Lagrange- Jacobi equalities for colliding clusters |(5.11)| (and the definig property of 
generalized solutions). We first define interior collisions, boundary collisions and 
locally minimal collisions (it is to be noted that under this definition locally mini- 
mal collisions are not necessarily collisions in trajectories that minimize the action; 
actually, nowhere in this section the minimality of the action is assumed). 

(5.1) Definition. A collision occurring at time t G T is called interior collision if t 
has principal isotropy type in T with respect to the action of G, i.e. if the isotropy 
group of t G T with respect to the action of G is minimal in G. Otherwise, it is termed 
boundary collision. It is easy to see that interior collisions belong to the interior of 
a fundamental domain I C T (see |(3.17)| ), while boundary collisions belong to the 
boundary 81 for some choice of I. 

(5.2) Definition. Let x{t) be a path. A collision at time to is termed locally minimal 
if there is a subset k C n such that Vi, j G k : Xiito) = Xj(to), x(to) ^ Ak^', and 
there exists a neighborhood (to — e, to + e) of such that if t G (to — e, to + e) is a 
collision time, then \/i,j G k : Xi(t) = Xj{t). We say that the collision is a locally 
minimal collision of type k. Furthermore, we say that to is an isolated collision time 
for Xk = (a;j)jgk if is an isolated point in x^^A. In this case also the collision is 
termed isolated. 

(5.3) Remark. The notion of locally minimal refers to the number of bodies and not 
to the lagrangian action. Actually, the reason of this notation is the following: the 
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poset V of partitions of n (with initial object {{1}, {2}, . . . , {n}} and final object {n}, 
ordered by inclusion) can be given the topology whose closed sets are the intervals 
{P E V \ P > A} for any partition A G P of n, and the map p, which sends the 
time t to the collisions-partition p given by the configuration x(t), is continuous. 
Locally minimal collision times are just local minima of the map p. For example, 
the reader can consider the following example of non-locally minimal collision times: 
collisions 13, 24, 13, 24 . . . converging to collision 1234, or collisions 12 13 23 12 13 
23 converging to the triple collision 123. 

Let /k denote the momentum of inertia with respect to the center of mass of the 
bodies in k, 

(5.4) /k = y^^mi{xi -xof = y^^rriiqi, 

iek iek 

where xq is given by xq = ^i^j^niiXi/nio, with mo = Xliek"^*- bodies in k 
collide in xq if and only if /k = 0. 

(5.5) Assume that x{t) is a continuous curve, solution of \(2.8 j| in [to^^i] \ a;~^A, 
and such that x{t) ^ Ak,k' for every t. Then a.e. 

^ = 2Ek(t) + (2-a)f/k(t) + i?(t), 

where there remainder R{t) is a function in [to,^i]- 

Proof. We obtain the following equalities, where the last holds by |(2.11)| 



1 • 



-Jk = ^ mi(i;- + XiXi) - nioxl 



moXoXo 



iek 

^ dU 2 
= 2Kk + Z^^ig^- '^oXq - moXoXo 
iek * 

= 2i^:k - aUk + ^ ^^~^r' ~ ^0^0 - fT^o^oXo- 
iek * 



Therefore 



(5.6) ^/k = 2Ek + (2 - «)f/k + R, 

where R = X]iek^«~^^ ~ f^oio ~ nioXoXo- The claim follows by the fact that Xo{t) 

is a function (see remark |(4.10)| ), Xi{t) and —^r- are continuous, hence R is 
continuous. q. e. d. 

(5.7) Remark. It is possible to notice, deriving the expression of R{t), that i? is a 
linear combination of terms in Xi, with continuous coefficients, and hence 

(5.8) kit) < cK^/^ + h. 
for some constants c > and 6 G M. 
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Furthermore, since the derivative of the partial energy i?k is 



(5.9) E^ = J2^x, = -a J2 



C?f4;,k' . (Xi- Xj)Xi 



' ■' \rf.. rf, . \ 2 + a 



rf . ^^^^^ rtf , rr> 



there is a constant c > such that 

(5.10) < cK^/^ 

(5.11) Corollary (Lagrange— J acobi). Assume that x{t) is a continuous curve, 
solution of \(2.8)\ in [to,ti] \ x~^A, such that x{t) ^ Ak,k' for every t. Then for 
some function continuous in [tQ,ti]: 

^/k = 2Ek + (2-«)f/k + C° 
= (2 - a)Kk + aE^ + 

(5.12) Corollary. Let x(t) be a generalized solution. Then any locally minimal 
collision for x(t) is isolated. 

Proof. Assume that at the time to a collision of type k C n occurs. Consider a 
neighborhood (to — e, i^o + e) of ^o- Without loss of generality we can assume that 
for every t and \/i G k: Xi{t) ^ Ak,k'. Thus the function Jk defined in |(5.4)| is 
non-negative, where non-zero (since to is a locally minimal collision time) and 
continuous. It is zero in the set (of measure zero) consisting of collisions of type 
k. If to is not isolated in x~^A, then necessarily there is a sequence of intervals 
{aj,bj) such that /k(aj) = Ik{bj) = 0, aj < bj and aj — > to, bj to. Thus there 
is a sequence tj to of points where I\^{tj) < for every j. But by lemma |(5.5)| 
^(tj) — 2_Ek(tj) + (a — 2)f/k(tj) is continuous and hence bounded. Since i?k is H^, 
this implies that ^Ikitj) + (a — 2)U\^{tj) is bounded, which cannot be. Thus to is 
isolated. q.e.d. 

(5.13) Proposition. Let x be a generalized solution of \(2.8)\ such that x~^A ^ 0. 
Then there exists an isolated collision. 

Proof. If in a time interval there are collisions, then there are locally minimal colli- 
sions. To complete the proof it suffices to apply a finite number of times corollary 
|(5.12)| or to argue by contradiction. q.e.d. 

(5.14) Remark. An alternative proof of proposition |(5.13j| can be found also as 
Theorem 4.1.15 of |^ and as well in sec. 3 of ^] (for a = 1). The basic structure 
of all the proofs use the same ideas: approximate constancy of the energy of a cluster 
plus a cluster version of the Lagrange- Jacobi identity. In |^ proposition |(5.13)| is 
phrased as "if there is no subcluster collision in a neighborhood of to then to is 
isolated" and the idea of the proof is attributed there to R. Montgomery. It is clear 
by definition |(5.2)| that a locally minimal collision is a collision without subcluster 
collisions in a neighborhood. Since we consider the presentation in this section, 
besides being more general, simpler and more direct, we decided to include it for the 
reader's convenience. 
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6 Asymptotic estimates 



Different proofs of the asymptotic estimates for total or partial colliding clusters (in 
the case a = 1 or for total collisions) can be found in the literature jHZl EH HH IHj, 
that extend and simplify the original Sundman estimates. As remarked already by 
Wintner [SZj, the Tauberian lemmata used in the proofs of [SI], essentially concerning 
the regularity of the variation of the momentum function /, can be traced back to 
Sundman. In this section we extend and simplify Sperling asymptotic estimates for 
partial collisions [SI] to every a G (0,2) and we prove some other results necessary to 
introduce the blow-up technique. The main lemma that implies the estimates is the 
Tauberian lemma |(6.1)| (inspired by and generahzing §337 - §338, page 255-257, of 
P?] : lemma |(6.1)| replaces the various Tauberian lemmata used in the proof of [SI]), 
which is a key step towards the more technical lemma |(6.2)| ( [(6.2)| studies for every 
a the properties of a Sundman function). In order to obtain asymptotic estimates 
for colliding clusters, it is necessary to prove first that the partial energies i?k are 
bounded in a neighborhood of a collision time. Our approach follows Sperling's idea 
jSl] of proving the boundedness as a consequence of the asymptotic behaviour of the 
total kinetic energy of the n particles. Thus we can prove proposition |(6.25)[ and 
some of its consequences: the limit set of a collision of type k is a central configuration 
of k bodies |(6.32)[ moreover, in |(6.35)| it is proved that any converging sequence 
of normalized configurations in the collision trajectory yield a sequence of solutions 
converging to a blow-up solution q. 

(6.1) Let Lp he an integrable real function defined on the interval (0,e), e > 0, dif- 
ferentiable, such that 

1 r 



lim - / iP = n 







and such that there exists a continuous function A : R ^ M with the property that 



dt ' t 



Then 



1 /•* 

lim^(i) = r^ = lim-| ^ 



Proof. Since lim inf f < t] < lim sup (f, we only need to show that the limit exists, i.e. 
that lim inf ip = lim sup (p. If, on the contrary, lim inf if < lim sup (p, we can have two 
cases: either 77 < lim sup*/? or 77 = limsup</9. In the first case, there exist li,l2 € M 
such that lim inf < rj < li < I2 < lim sup and a sequence [aj,bj] of intervals in 
(0, e) such that aj < bj ^ and (paj = li, ipbj = h, t E [aj,bj] =^ ip(t) G [/i,/2]- 
The second case can be reduced to the first by taking —ip in place of ip. Since 
\cp{t)\<Aiip)/t, 

r^j f^j c b- 
<l2-h= < / 7 = c log ^ 



t aj 



where c > is a constant such that ip E [h, I2] =^ ^(v') < c. Therefore for every j 



aj 



> 7 > 1 
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where 7 = e > 1 is constant. But on the other hand for every j 

b 1 1 1 

h{— -1)<— / ^ = — ^ / ^, 

% % Jaj % ^0 % ^0 

and therefore 

1 f'^^ b- I f^^ b- 1 f^^ 1 f"-^ 

lik-T- V)<^{k--r v) = ^h-- ip<h-- if. 

Oj Jo Jo % % ^0 % 

By taking hmits, we obtain 

7(^1 -V) < {h - v) =^ h<r] 
which contradicts the assumption that h > rj. q.e.d. 

(6.2) Let (pit) he a function defined on (0, e), e > 0, with the following properties: 

• There are constants a, b> 2 and c such that LfP' + < b(p(p + ap. 

• yt: (p{t) > 0, ip{t) > 0. 

• limt^ovit) = 0. 

• There is a constant d > such that \/t: (fiip^''~'^^^''{t) > d > 0. 
Then, the following properties are true: 

1. = 0. 

2. There exists the positive limit hmi_»o (^^</7~^/^ = 77 > 0. 

3. (pit) = +o(i''/(^-i)). 

4. m = +o(tv(f-i)). 

Moreover, if there is a constant e such that |^| < e(f'^, with the exponent 7 = jzi' 
then 

(6.3) m = ^ (^,-*^ " 

Proof. Define j3 = 2/b and consider the following auxiliary function 

Since & > 2, /3 e (0, 1) and thus (p^~^ — > 0, so that Q{t) is bounded by below. 
Consider the derivative Q{t): 



Q{t) = p^p-^^p 



2 .. p'^ + tt^ 



(3 p) 
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Since (3 > 0, (p > and by hypothesis the term in square brackets is non-negative, 
Q{t) > for every t and hence Q{t) is monotone and thus it has a hmit 

77 = \imQ(t). 

This imphes that = and ip'^^ip'^ — ^ as t ^ 0, which means that 



hmo9^o9 = 11. 

Since there is a constant d > such that (/3y)^^^^^/^(t) > (i > 0, we can write 



JO Z — 

and hence 

71 = hmoi^m-^/'' > > 0. 

' t^o ^ ^ - 2-b 

By integrating the equation 
we obtain 

^-^/2 = + o(t) ^ v^(t) = iY^2'^'''"''' + ^(^''^"'^) 

= //'(v^ + 0(1)) = ^'^\VV + 0(1)) = Vvi^-^Vvty^^'-'^ + oit'/^"-'^) 



(6.4) =^ ifit) = + 

Now, consider the non-negative function 

Fit) = if'-K 
By equation H F(t)/t = ^rf'/'^ + o(l), i.e. 

(6.5) liniM = ^^V2. 

Its first and second derivatives are 

F={h- l)vi'-'<^, 

F=(6-l)(6-2)0^-^y32 + (6-l)0^-2^. 
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Therefore 

ts ci,C2, and hence, since |^ 

constants Ci, C2 such that 



for some positive constants ci,C2, and hence, since |^| < /c(/3 6-2 , there are (other) 



2i)-3 
~ 6-2 



hence there is a continuous function A: R — > M such that for every t G (0, e). 

Since F{t)/t = j /J -F, by equation |(6.5)| one obtains 

hm- f F=^-^T^"\ 
t^o t Jo b ' 

Now one can apply lemma |(6.1)| to the function F, so to get 

^^77^/2 = limF(t) = lim(6 - 1)0^" V =^ 

b t^o t^o 

This completes the proof. q.e.d. 

Now we consider a solution of the Newton equations |(2.8)| 3:(t) defined in the time 
interval (0,e), without collisions in (0, e) and with an isolated collision in t = 0. A 
colliding cluster of particles is a subset k C n such that x(0) G and a;(0) ^ Ak k/. 
Let ko C n be the subset of non-colliding particles. The colliding clusters yield a 
partition of n \ kg into subsets which we denote by ki, k2, . . . , k^. Let k denote a 
generic colliding cluster. 

As above, let xq denote the center of mass xq = f^Q^ "^■^^.miXi, with mo = 
J^iek^i- '^k denote the angular momentum with respect to Xq 



Ck = ^mi{xi - xo) X {xi - ±0). 



For a collection h of clusters k, let Ch denote the sum Ch = ^kch Here it is 
necessary a word of warning about the notation: If h is the collections of the clusters 
ki, k2, . . . k;, then when we write that a sum ranges over k C h we mean that the 
index k assumes the values ki, k2, . . . , k^. Hence, for example, the sum X^kch^k 
means the sum of the angular momenta Ck, as the cluster k ranges over the collection 
h of clusters. 

(6.7) Cfc/k^ is bounded. 
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Proof. 

Ck = ^ mi{xi - xq) X {xi - Xq) = 
^mi(xi - xo) X Xi = ^{xi - xo) X = 

igk iek * 

{—a)mimj\xi — Xj\~^'^~^'^\xi — Xq) x (xq — Xj). 

Since \xi(t) — = \xo(t) — + A;jj(t)|xj(t) — xo{t)\ for a bounded 

function kij{t), 

Ck = — tt mjmjfcj jlxj — Xo|(xj — a;o) x (xq — a;^), 

iekj'ek' 

and hence Ck-^^^ is bounded as claimed. q.e.d. 

For every i E k let Qi = Xi — xq, qi = Xi — xq and (ji = Xi — xq. We have the 
equahties 



4 = ^ m^gf 



(6.8) 

By Cauchy-Schwartz 



1 • 

2 



^4 = ^rriiqiqi 



iek 



(6.9) 



02 

iek iek 



Ck =(2^ "^i^i X (li) < h2^rni 



02 

iek i6k ^« 



As a consequence of the identity (a6)^ + (a x 6)^ = a^6^ we obtain 

4 



(6.10) T + < 4 5^ ^i^' = 4(2^k - moxg) 



iGk 



More generally, in the same way it is possible to show that for a collection of 
clusters h 

(6.11) (Ey)' + ^h<(E^'^)(2^'^ + ^) 

kch kch 

for a constant b. The sum Xlkch -^k is the sum of momenta /k (each defined, as in 
1(5. 4)[ with respect to the center of mass of the cluster k), for any cluster k in h. 

(6.12) //Xlkch-^k > 0, then there is a constant 6 G M such that 

\cUt)~cim<btj2m- 

kch 
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Proof. By |(6.7)[ c^(t) is bounded for every k and the limit c^(0) exists. Moreover, 
i^J^r'lclit) - 4(0)1 < E/2|ck(r)||^||^Mr < 



kch kch • 



by Cauchy-Schwarz inequality and since r <t =^ X]k-^k(T) < X]k-^k(i) (Xlk-^k is 
monotone increasing as a consequence of the hypothesis on Xlk-^k)- Thus there is a 
constant 6 such that |c^(t) — 4(0)1 < Xlkch -^k(^) as claimed. g.e.d. 

(6.13) //Xlkch-^k bounded then Xlkch-^k > 0. 

Proof. Let (y9 denote the sum = ^^ch -^k- By summing up the Lagrange- Jacobi 
identities |(5.11)| for every k, we obtain the equalities 

(6.14) y3 = (2 - a) ^ f/k + 5i = (2 - a)Ki, + = {2 - a)U^ + ^3, 

k 

where Bi, B2 and B^ are suitable bounded functions. Thus limt^o 'P = +00, hence if 
is strictly increasing and cannot be in (0, e) if e is sufficiently small, that is to say, 
ip is monotone in (0, e). Since ip{0) = and ip(t) > 0, this implies ip > 0. q.e.d. 

(6.15) There are positive constants C\ , C2 and C3 such that for every i G k 

\^.\<crK]l\ < cf/i^^^)/" and < c^kH^U^^^'^ 

Proof. The first is trivial. For the others, it suffices to consider equation |(2.8)[ and 
to derive it once. q.e.d. 

(6.16) Assume that Xlkch-^k is hounded. Then there is a constant d such that for 
every t G (0, e) .■ (Ek f + 4(0) < (Ek ^k)(Ek & + ^) ■ 

Proof. By equation |(6.11)[ (Ekrh^O^+4 ^ (Ekch -^k)(2-ft'k + &)- As a consequence 
of the Lagrange- Jacobi formula |(5.11)| and the fact that Ek-^k is bounded, there is 
a constant d such that 

(6.17) 2K^<^^^ + d. 

I — a 

Furthermore, by (6.13)| we can apply |(6.12)[ so that there is a constant h such that 
4(^) — '^h(O) + ^ Xlk -^k(^) and hence there is a constant li G M such that 

r2 



E t)' + ^h(o) < (E t)' + 4 w - ^ E w < (E ^•^)(E ^ + 

g.e.c?. 



2 — ^ 2 — ^ — ^ — ^ 2 — a 

k k k k k 
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(6.18) Let h be the union of all the colliding clusters. Then the sum of the energies 

kch 

is bounded. 

Proof. The total energy H = of the n bodies is constant, and the difference 
J2kch^^ — if is the sum of terms of type mimj\xi — xjl'", where i and j do not 
colhde, and of terms of type ^rriixf, where i do not coUide with any other body. 
Hence it is a function and, in particular, bounded. q.e.d. 

(6.19) Consider a union of colliding clusters h = Ujkj. // the sum of the energies 

(Vt)| ^Ek(t)| < M < oo 

kch 

is bounded, then the function given by the sum 

y^ = 5^/k 

k 

has the following properties: 

• limt^o ip{t) = 0. 

• Vt.- !f{t) > 0, ip{t) > 0. 

• There are constants a, b = > 2 and c such that 0^ + < 6(/9(/3 + ap. 

• There is a constant d > such that Vt.- (pip''^~'^'^/^{t) > d > 0. 

• There is a constant e such that |^| < ap'^ , with the exponent 7 = ~ f + a ■ 

Proof. By definition, > and limf_,oV5(t) = 0. By |(6.13)[ > 0. Moreover, 
1(6. 16)1 yields a constant d such that 

(E|)'+''h(o)<£w(EA+<')- 

k k k 

In other words, there exist constants a = 4c^(0), b = > 2 and c = Ad such that 
ip^ + a'^ < bipip + cip. 

Now we prove that there is a constant > such that Vt: (pLp^''^'^^^^(t) > d > 0. 
By equation |(6.14)[ (p >ki + ^2 for some constant fci > and k2- But since 

(2 — b)/b= —a/2, it follows that (p > ki Y^-^^ f/k + ^2 > '^(Zlk -^k)~"^^ for a constant 
> 0. 

It is left to show that there is a constant e such that |^| < e</3'^, with the 
exponent 7 = = f + By deriving equation |(5.6)| 

i^ = 2Ek + (2-a)f7k + i?, 
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where by [(Sisj] and |(5.10)| 2E^ + R < cK^/"^ + h for some constants c > and h. 
Furthermore, t/k is a combination of terms of type (xj — Xj){xi — Xj)\xi — Xj\~°'~'^, 
with i,j G k, and hence there is a constant C2 > such that 

Thus, by |(6.14)[ there exists c > such that 



Summing up for every k C h, we obtain 

kch kch VkCh 



Hence, by |(6.14)[ 
(6.20) 



Now, the wanted inequahty follows if we can prove that K < c(p for some c > 0. If 
h = n, then K = = Kh, and hence by, (6.14)[ K < c(p for some c > 0. Thus 
if h = n the conclusion of this lemma |(6.19) is true, provided that the sum of the 
energies 

kCn 

is bounded. But by |(6.18)| the sum of the all the energies is bounded, and hence we 
can apply to such ip lemma |(6.2)[ which implies that there exists the limit 

a/2 

limirfV/wi =lim(p"/^ 



VkCn / 



\kCn / 

and hence that there is a constant C2 > such that 

(6.21) fe^k") >C2K. 

VkCn / 

Now, consider again the general case of a union h of colliding clusters k. We have 
seen that (pLp"'^'^ > c? > for a constant ci, and thus, 

(6.22) K^>d{^l\ >dc2K. 

VkCn / 

This implies that K < cK-^ < dCp for some constants c, c? > 0, and hence by |(6.20)| 
that < cv33+a as claimed. q.e.d. 
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(6.23) For every colliding cluster k C n there is a constant c > such that K]^ < 

^^-2Q/(2+a) ^ 

Proof. By equation |(6.22)| it is enough to show that the total kinetic energy K is 
bounded by K < ct-W(2+"). gy |(6.18)[ |(6.19)| and the second derivative of 

the function (p = J2kcn asymptotically equal to 

while K < c(p for a positive constant c, because of |(6.17)| q.e.d. 

(6.24) For every colliding cluster k C n the partial energy E'k is bounded. 
Proof. By |(5.10)| the derivative E^^ is bounded by 

which is integrable. q.e.d. 

(6.25) Proposition. Let k be a colliding cluster. Then there is k > such that the 
following asymptotic estimates hold: 



4 



Jk ~ — K{Kt)2+" 

2 + a 

2 — a 9 , , -2a 



and therefore 

Proof By |(6.24)| the energy of a colliding cluster is bounded, hence we can apply 



1 •■ 2 9 / \ -2a 

4 -2a (2 + a)2 ^ ^ 



lemma |(6.19) and consequently |(6.2)[ q.e.d. 
Let k C n a colliding cluster. Define the normalized configuration s by 

(6.26) Si = I^^^'^ixi - xo) = I^^^'^qi 
for every z G k. Then 

(6.27) = h^^'^ks, + 
and 

(6.28) = (-^4"'/'/^ + W"h)s. + /k"'^'4^. + 



(6.29) 



dt^ 
4 



3 f3 r-5/2 
-'k-'k 



-iuir 



k^k 



3/2 



4+2/k 



1/2 



d^ 

dt^ 



j2 7—3/2 - T^^I^T 
-'k-'k + TT-'k -'k 



3 l/2i 
'k 



3, 

2^ 



rl/2 



Si + 



d^Si 
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(6.30) For every i G k; limtsj = 0. 



Proof. By equation |(6.27)| 



moxl 



Now, by applying proposition |(6.25)| one can multiply both sides by (Kt)^"/*^^"*"") and 
take the limit as t — 0: 



(2 + a)2 (2 + a) 



-K + lim 



iek 



lim 



iek 



and hence 



limtsj = 0. 



q.e.d. 



(6.31) For every i G k; limt^Sj = 0. 



Proof. By considering the form of and its derivative it is not difficult to 

show that there are positive constants Ci and C2 such that 



< 



j-(2+«)/2^1/2 ^_^^-(3a+4)/(2+a) 



Therefore, multiplying both sides of |(6.28)| by t2(Q!+i)/(2+Q!) Qj-^g ^.g^j^ ^-j^^^^ jf-2^-, -g 
bounded; multiplying both sides of |(6.29)| by t(3a+4)/{2+ci) ^j^^^^ is 

bounded. 

So, for every i G k consider the function ip{t) = t^Siit). Since 



f ip{T)dT = fsi{t) -2 [ Ts{T)dT. 

Jo Jo 

1 /•* 

lim - / 09 (t) = lim 

t^o t Jq t^o 



2 /■* 

tSi(t) - - / TSi{T)dT 
t In 



0. 



Moreover, since t^Sj and t^^p^ are bounded 



\tip\ < 2t'\si\+f'\^\ < c 
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for some constant c > 0. Thus, by lemma |(6.1)| 

1 /■* 

limt^s, = limojft) lim - / oj = 0. 



q.e.d. 



(6.32) Proposition. For every converging sequence s{tj) of normalized configura- 
tions, the limit limj^oo s{tj) is a central configuration. 

Proof. Consider again equation |(6.28)| multiplied by (/tt)^*^"'^^^/*^^^"): 

(6.33) (/tt)2("+l)/(2+")g^ = b{t)Si + CitSi + C2t^Si + o(l) = h{t)s, + o(l), 



where h{t) is a function with the finite limit 6(0) = —a ^^+a)'2 ^^^1 Ci, C2 are bounded. 

A central configuration q= (gi, . . . , g^) is a critical point of the potential U]^ restricted 

to the ellipsoid I\^{q) = c with c > constant. That is, there is A e M such that 
Mi 



— Xmiqi for every i G k. By homogeneity 



hence A = — and thus central configurations solve the equations 
-fk 

(6.34) = 

QU^ k' 

for z G k. Now, since the terms ' — of — — are bounded, the limit s = lim,_>oo s(tj' 

OXi OXi 

is a central configuration if and only if 

miqi{tj)U^\tj)ll/^{tj) + arriiSiitj) 
converges to as j oo. By |(6.25)[ this holds if and only if 



{2 + af 

2p ^"^'i' y^^'-j^ 



as j ^ oo, and this follows by taking limits in |(6.33)| Thus s{tj) tends to central 
configurations s as stated. q.e.d. 

(6.35) Proposition. Let k C n 6e a colliding cluster and s{t) = {si{t), . . . , Sk{t)) 
its normalized configuration (defined in \(6.26 j| ). If {\n\n is a sequence of positive 
real numbers such that s(A„) converges to a normalized configuration s, then 

Vt G (0, 1) : lim s{Xnt) = lim s(A„) = s. 
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Proof. For every n 



\si{Xnt) - Si{X„)\ < max |si(A„t)|A„(l - t). 



Moreover, for every e > there exists > such that u < 1/N =^ u\si{u)\ < t 
for every i = 1 . . .k (see |(6.30)| ). Thus for every e > and for every i = 1 . . .k the 
following inequalities hold: 

lim \si{\nt) - Si{Xn)\ < lim max \si{\nt)\Xnil - t). < T^An(l - t) < e^— 

n^oo n^ooue{t,l) Ant t 

hence the claim. q.e.d. 

(6.36) Remark. A normalized configuration s (relative to k C n) is a central 
configuration if and only if equations |(6.34)| hold, and hence if and only if for every 
i e k 

(6.37) E^^- u.'r..|2+. ^'-(^)'' - = 



s,\ 



for every i G k. Let Fi(s) denote the left hand side in |(6.37)| and, for every subset 
h C k, let Fh{s) denote the sum -Fh(s) = J2ieh™i^i^i(^)j then 



(6.38) Fh(s) = [/k( 



jeh' 



I ^ j I 



E 



ieh 



where h' = k \ h. It is easy to see that if s is a central configuration then -Fh(s) = 0. 
On the other hand, as s converges to a configuration s with a collision of type h 
(that is, there is Sq G V such that Sj = Sq for every i G h), then the function -Fh(s) 
converges to 1 — (Xlieh "^«)"^o- Now, since /k(s) = 1, there is a positive constant 
c > such that 1 — {J2ieh^i)^o — ^ every sq. Thus there is a constant c > 
such that on all points in s containing a collision of type h the norm |Fh(s)| > c > 0. 
Now we proceed iteratively. It is easy to see that Fh is continuous on the space of 
configurations not in Ah,h' and vanishes on central configurations; this implies that 
there is a constant Ch > such that if s is a central configuration and y a collision 
of type a D h then |s — ?/| > Ch. It is true when h is maximal (that is, given by a 
collision of — 1 particles), and by induction one can take the minimum of the Ca 
with a D h. Hence one can conclude that there is c > such that \s — y\ > c > 
for every (normalized) central configuration s and every (normalized) collision y. 
In particular, the set of normalized central configurations is compact and central 
configurations are collisionless. 

(6.39) Remark. One of the difficulties in proving the asymptotic estimates of propo- 
sition |(6.25)| is that it is necessary to prove that the energies i?k of colliding clusters 
are bounded (Lemma |(6.24)| ). This is easy to prove if the collision is total. In 
[T^ . proposition 2.9, it is proved by direct integration of the derivatives that par- 
tial energies are bounded, provided that asymptotic estimates of the kinetic energy 
are known (as a consequence of [34 ). Thus McGehee coordinates yield asymptotic 
estimates only in the total collision case, in which the energy is constant and hence 
bounded (see also [Oj for a conceptual proof without Tauberian theorems). For partial 
collisions, it is necessary to estimate partial energies as in |(6.24)[ 
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7 Blow-ups 



Aim of this section is to prove some auxiliary results about the convergence and 
continuity of integrals of families of rescaled solutions. The main goal is proposition 
\(T9)\ which is a key step towards the standard variation method of section IHl A 
similar technique was used in 0^ and ascribed there to the second author. 

Assume as in section IHlthat x{t) is a solution of Newton equations |(2.8)| defined in 
the time interval (0, e) with an isolated collision at t = and without other collisions 
in (0,e). Let k C n be a colliding cluster and define the normalized configuration s 
and the centered configuration q as in is a sequence of real numbers such 

that s{Xn) converges (and thus necessarily to a central configuration s, by |(6.32)| ), 
let q be the path defined for < t < +oo as 

(7.1) m = (/tt)2/(2+")s, 

for every i G k, where k > is the constant of proposition |(6.25)| The path q 
is termed a (right) blow-up of the solution x{t) in 0. Its definition depends on the 
choice of the limit configuration s. 

For every A > consider the path q^ defined by 

(7.2) q\t) = X'^/^^+'^^iXt) 
for every t G [0, A~^e]. 

(7.3) The energy of the collision solution q is zero, i.e. the blow-up q is parabolic. 

Proof. For such a trajectory the asymptotic estimates of |(6.25)| are all equalities 
for every t. Therefore, by applying the Lagrange- Jacobi identity, the energy E]^ is 
zero. q.e.d. 

(7.4) If s{Xn) converges to the normalized configuration s, then for every T > the 

sequences q^" and — ; — converge to the blow-up q and its derivative q respectively, 
dt 

uniformly on [0,T] and on the compact subsets o/(0,T] respectively. 
Proof. By definition 

q'-it) = («:t)2/{2+a)^ ,^xj). 

^ ^ ^ ^ A^/('+")(/€t)2/(2+") ^ ^ 

Thus, since by |(6.35)| lim^^+op g(Ant) = s and by |(6.25)| /k(Ant) ~ (KA„t)^/(2+a)^ 
for every t > the limit 

lim q^-{t) = (/€t)2/(2+")s. 

Hence q^" converges to q pointwise. The convergence is uniform in [0,T], since q^" 
is an if^-bounded sequence. 

Now we need to show that for every e G (0, T) its derivativ e converges 
uniformly on [e, T] to the derivative of q. By |(6.27)[ |(6.30)| and |(6.25)[ for every 
t>0 

lim ^(t) = ^(«:t)-"/(2+") = ^(i). 

n^oo dt ^ ' 2 + ' dt^ ' 
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Hence converges pointwise to q. By |(6.30)[ |(6.31) and |(6.27)[ the convergence 
is uniform in [e, T] for every e G (0,T). q.e.d. 

We say that a path x{t) is centered if its center of mass is zero. If a path is defined 
only for a cluster k C n of particles, then it is termed centered if the center of mass 
of the cluster is zero. By definition q{t) = x(t) —xo(t), hence q(t) is a centered path. 

(7.5) There exists a sequence ipn £ H^{[0,T],'R'^)^ of centered paths converging uni- 
formly to in [0,T] and with support in [0, T], with T > 0, such that for every path 
ip{t) = (v5j(t))iGk in H^{[0,T],M.'^)^ , with support in [0,T] and in a neighborhood 

lim / C]^{q^" +<p + i)n)dt = / Ck{q + <p)dt. 



n— >oo 



Furthermore, if for every t the centered configuration q{t) G for a subgroup 
H G G, then ipnif) £ for every t. 

Proof. Consider a sequence Nn (which will be chosen properly later) going to +oo 
a.s n —>■ oo, and for all ^ the function ip^ defined as 



q{t)-q^"{t) ifO<t<T-i, 
iV„(T - t)m - q'-it)) if T - ^ < t < T. 



It is clear that ipniT) = and that ipn converges to uniformly in [0,T], by |(7.4)| 
For every t the configuration ipn{t) is centered, since q{t) and q^"{t) are centered. 
Furthermore, if q{t) G for every t, then q'^"{t) G and by taking the limit 
q{t) G A"^, so that V^„(t) G . 

Since is continuous and V'(T) = 0, q{t) + ip{t) is not a collision for every 
t G [T — l/Nn,T] and n ^ 0. Moreover, since ip is , p is bounded in [T — l/Nn,T] 
and n ^ 0. Moreover, by an appropriate choice of the sequence iV„ one can assume 
that there is a constant C > such that the partial Lagrangians are bounded by 
C: C\f^{q + p) < C and C\f^{q^" + p + ipn) < C for every n > Uq, in the interval 
[T - 1/Nno, T]. Therefore, since for every t in [0, T - l/Nn] g^"(t) + ^n(t) = g(t), 

rT rT-l/Nn rT 

/ C],{q^- + p + i)n)dt = / C],{q + p)dt+ / Cx,{q^- + p + i)n)dt = 

Jo Jo Jt-i/n„ 

T pT pT 

Ck{q + ip)dt~ Ckiq + p)dt+ Ci,{q^" +ip + iJn), 

which converges to C\^{q + p)dt as claimed. q.e.d. 

(7.6) For every \ > let x'^ be as above the path A^^/*^^^"^x(At). Then for every 
T > and every A > 

T pT/X 

2-a I ' 



C{x){t)dt = X^ / C{x^){t)dt. 
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Proof. For every A > by 

hence by integrating and changing variables 

C{x^){t)dt = / C{x){t)dt. 



q.e.d. 

(7.7) Let k C n be a cluster, x(t) a path and q{t) = x(t) — Xoit) the corresponding 
centered path as in \(6.26 )\ If (p is a centered path of the cluster k, then for every 
A > 

Proof. By the arbitrariness of x and q we can assume that A = 1. Since for every x 

Ci,{x) = C]^{q) + ^moXo, 

where as above xo(t) = x{t) — q{t) is the center of mass of the cluster k at time t, it 
is also true that ^ 

Ck{x + f) = Ck{q + '~p) + ^moxl, 

if ip is centered. q.e.d. 

(7.8) Let if be a path such that (pi{t) ^ =^ z G k, T > a real number and ipn 
the sequence of \(7.5 )\ extended with the zero path for i G k'. Then 

lim / \C{x^'' + ip + ipn) - C{x^")] dt = 
Jo 

lim / ICkix^" +(f + iprr) - Ck{x^")] dt. 
Jo 

Proof. Since for every A > 0, every (f and every x 

C{x + (f)- C{x) = Ck{x + Ck{x) + Uk^k>{x + V?) - Uk,k'{x), 

the conclusion follows once we prove that f/k,k' {x^" +(p+ipn)dt and f/k,k' {x^")dt 
converge to zero as n — oo, for every ip. Since 

t/k,k'(x' + P + i^n)= A'"/('+")f/k,k'(a; + V'^' + ^'J'), 

and as A — s> the term U]i^]i>{x + (f^^^ + ilJn'^) is uniformly bounded, U]i^]ir{x^" + (f + 

ipn^)dt converges to zero as n — oo. The same argument works for U\i,-k'{x^'^)dt. 

q.e.d. 
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(7.9) Proposition. Let x{t) be a solution in (0,e), with an isolated collision in 
t = 0. Let k G n be a colliding cluster and q a (right) blow-up of x{t) with respect to 
k m 0. Let T G (0, e) and let (p be a variation of the particles in k which is in a 
neighborhood of T, defined and centered for every t G [0,T]. Then the sequence ipn 
of \(7.5 )\ has the following property: 

lim / \C{x^" +ip + ipn)- /^(x^")] dt= [ [C{q + C{q)] dt. 
"■^•^Jo Jo 

Proof. As a consequence of the asymptotic estimates |(6.25)[ the Lagrangians C{q^") 
are uniformly bounded by an integrable function, hence by the Lebesgue theorem 

T rT 



lim / C{q^")dt= / C{q)dt, 
Jo Jo 

and therefore by |(7.5)| 

/ [£k(g + U{q)] dt = lim [£k(g^" +^ + iJn)- U{q^-)] dt. 
Jo 

Since ijjn and if are centered, ip + ipn is centered for every n, and therefore by |(7.7)| 
Ck{q^" + if + ^n)- >Ck(g^") = Ckix^- +if + ^^)- £k(a;^"), 

so that 

lim [£k(g^" + + - Ck{q^-)] dt = 

n—KX) 

lim / ICkix^'^ +ip + ipn) - £k(a;^")l dt 
Jo 

But as a consequence of |(7.8)| the latter limit is equal to 

lim / \C{x^" +(p + ipn)- C{x^")] dt, 
and this concludes the proof. q.e.d. 

8 Averaging estimates 



Now we come to the averaging estimates [(8l)| Th e main idea, inspired by Marchal's 



argument as explained in ^1] (see remark (8.5)| below), is to consider a parabolic 



collision-ejection trajectory q |(7.1) and to replace one (or more, if it is necessary 



we will explain how in the proof of |(10.3)| ) of the point particles with a homogeneous 
circle having the same mass, constant radius, and center moving following the same 
trajectory of the original particle. The key point is that this procedure decreases the 
integral of the potential U on the time line, and hence it will be possible in the next 
section to define a standard variation v^, following this principle, to show that such 
a homotetic solution q cannot be a minimizer. 
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For all ^, (5 G \ {0} let S{^, 6) denote the following integral (where a G (0, 2)) 



(8.1) 5(^,5) = 

If A > is a real number, then 



|^2/(2+a)^ + 5|a |^2/(2+a)^|a 

A~"5(A-^e,5) = A^~"/25(e,5) 



dt 



and hence 
(8.2) 



-l-a/2| c|l-a/2c;-/J_ 



Consider a circle § C R'^ with center in (its radius is equal to ^). For any 
vector ^ G M'^ \ {0} let S'(^, §) be defined as the average of S{C,, — ) on the circle S 

1 



13) 



Sits) 



S{t6)d6. 



The purpose of this section is to prove the following theorem. 
(8.4) Theorem. For every ^ G M'^ \ {0} and for every circle S C with center in 

1 



SitS) = —J^Sit6)d6<0. 

(8.5) Remark. A comparison with the argument of Marchal is in order. In the 
quoted paper |11J the two-dimensional and the three-dimensional cases are considered 
separately both in the case of exponent a = 1. The three-dimensional case is the 
simplest: from our point of view the key point consists in proving an inequality 
like the one in |(8.4)[ with the integral taken over a two-dimensional sphere S = 
5*^; which directly follows from the harmonicity of the Kepler potential in M^. To 
treat the planar case, Marchal used the known potential generated by a special 
radially symmetric mass distribution on the disc B^. Let us observe that, due to 
the homogeneity property |(8.2)[ any mass distribution /i(r) on the disc would fit our 
purpose: indeed, integrating in polar coordinates 

•1 



1 



|52| 



S'(^, x)fi{\x\)dx 



B2 



1 



S{t r5)rji{r) dr d5 



S{t6)d6 



r 



2-a/2 



fj.{r)dr 



whose sign does not depend on the choice of the function /i. 

(8.6) Consider a circle § as above, and a family of unit vectors G M'^ \ {0}, with 
7 G [0, 7r/2], such that and the plane generated by S meet at an angle 7. Then the 
function 

y.(7) = ^(e7,s) 

is monotonically decreasing with 7 and for every 7 

^(e„§)<(cos7)'-"/'^(eo,s). 
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o/ l (8.6 )\ Consider the function 



+ 



1 



1 



Since 



2 L|t2/(2+a)^ + ^|a |t2/(2+a)^ _ ^ |a J |^2/(2+a)^|a " 
1 



+ 00 



f{^,6,t)dtd6, 



§ JO 



the result follows from the fact that if 6 denotes the angle between the plane generated 
by S and 6, the following equation holds: 



1 

" 2 
+ 



1 



+ 



(t4/(2+a) + 2cOS7COSet2/{2+a) + 
1 

(t4/(2+a) - 2cOS7COS^t2/(2+a) + l)a/2 

1 



|^2/(2+a)^|a^ 



and the right hand side is monotonically decreasing in 7 in [0, 7r/2] (an easy compu- 
tation shows that the derivative is negative, whatever be the sign of cos 9) . 
Furthermore, since if |^^| = |5| = 1 



J 

Jo 



1 



Jt4/(2+a) +2 cos ^ cos 7^2/(2+") + l|"/2 
1 



^-2a/(2+a) 
_ ^-2a/(2+a) 



dt < 



dt 



|i4/(2+a) + 2 COS ^ COS 7^2/(2+") + cOs2 7|"/2 

5(eo,cos75) = (cos7)'-"/'5(eo,5), 



for every 7 G [0, 7r/2] 



(8.7) Ifxe (0,1), then 



5(C„§)<(cos7)^-"/'5(6 



q.e.d. 



1 

2^ 



2n 



\l+xe" 

Proof. Since for \z\ < 1 and a G M 



E 

fe=0 



-a/2 
k 



X 



2k 



fc=0 ^ ^ 



if ^ = xe^^ with < x < 1 then 

11 + ^1 



E E 

A;=0 ki+k2=k 



:i + z)-"/2(i + ^)-"/' 



-a/2\ /-a/2 
A;i /V ^2 



j(ki^k2)e \ ^k 
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Therefore 



since 



1 

2^ 



27r 



1 1 + xe 



oo ^ 
k=0 ^ 



-a/2 
k 



„2A; 



X 



2n 



-a/2\ /-a/2 



2t\ if kx = k2 
if fci ^ ^2 



q.e.d. 



(8.8) //x G (l,+oo), i/ien 



1 

2"7ryo 



27r 



1 1 + xe' 



id\—a ™— a 



E 

fc=0 



Proof. 



2lT 



2lT 



-- I \l + xe'^\-''de = X-''-- I |1 + 



27r 



2tt 



-id 



X 



X 



A;=0 



-a/2V A 



k 



\2k 



X 



q.e.d. 



(8.9) Consider in the complex plane ^ = 1. Then 



^ / \^2/i2+a)^^^^0^-.^Q 

2tx 



Proof. It is a simple consequence of |(8.7)| and |(8.8)| 
(8.10) 



q.e.d. 



1 

2^ 



a 2-77 



[|t2/(2+a) ^ gie|-a _ ^-2a/(2+a)j ^^^^ 



2 + a 



4 



E 

fc=0 



-a/2' 
A; 



2 + a 
2 - a' 



Proof. It follows by integrating the first series in |(8.9)} 
(8.11) 

"+00 /•2Tr 



q.e.d. 



— / / [1^2/(2+-) + ^^e^-a _ ^-2a/(2+«)l ^q^^ 

271" 7i Jo 



2 + a 



E 

fc=i 



-a/2 



k J k + ^ 



Proof. It follows by integrating the second series in |(8.9)[ in which the term for 
A; = is equal to t~^°'2 + a. q.e.d. 
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Now we can sum the two latter equations changing the summation index of the 
second, hence obtaining 



(8.12) 



27r 



hoo f2iT 



^0 



[|t2/(2+a) + g.^^ _ i-2a/(2+a)] ^^^^ 



2 + a 



fc=0 



-a/2 



k + lj k + 



2+a 



+ 00 



2 + a 



A:=0 



-a/2 



k J k + 



2+a 



2 + a 



+ 00 



a 



+ 1 



4 

2 + a 
4 



E 



fc=0 

+ 00 

E 

k=l 



-a/2 



k J k+^ 



[a/2 + kf 
{l + kf 

-a/2V 1 f {a/2 + kf 

k ) k+^ \1TTW~ 



+ 1 



+ 1 



2 + a _ 
2- a ~ 

2 + a _ 
2- a ~ 

2 + a 



2- a 



(8.13) Ifxe (0, 1), then for every k>l, 



< a; - 



— X 
k 

Proof. If = 1, then it is true since it reduces to a; < a;. Otherwise, if > 2, 

k 



(";)-(-i''n(iH- 



X — 1, 



hence 



—X 

k 



X 



+ ^^-^) = xe'^^=2 



E-=2iog{i+^) 



i=2 



k. 



,x-l 



as claimed. 
(8.14) 



+ 00 

E 

k=l 



-a/2 



k J k+^ 



[a/2 + kf 

[i + ky 



< 2i-"a2 



3 — a 
2- a' 



Proof By |(8.13)| it follows that 



-a/2 



k J k + ^ \ (l + k) 



[a/2 + kf 



+ 1 < 



a^ fk\ 2 a^ ,k. 



a-3 



A \2 k 4 '2' 



and hence 



E 

k=\ 



-a/2 
k 



{a/2 + kf 



+ 1 



k + ^\ [l + kf 



< 



a). 



k=l 



q.e.d. 
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Now, since for positive s 



it follows that 



1 



C(3-a) < 1 + 



s-V 
1 



and therefore that 

+ 00 



k=l 



-a/2 
k 



2- a 
a/2 + kf 



k+^\ (l + k) 



+ 1 



< 2'--a^ 



3 — a 
2- a' 



q.e.d. 

Proof of theorem \(8.4 ) ■ By |(8.6)[ it is suffices to prove theorem |(8.4)| in the case 
^ belongs to §. By (8.2)| we can assume |^| = 1. By a change of coordinates we 
can assume that = 1 G C, where C = C is an embedded plane. Now, by 
equation |(8.12)| 

S) = 5(1, §) = — / / nt2/(2+") + e*^|-° - t-W(2+a)l ^Q^t ^ 
271" Jo io 

{a/2 + kf 



a^ 2 + a sr^ 

4 4 ^ 

fe=i 



-a/2 
k 



k + 



2+a 



{1 + ky 



+ 1 



2 + a 
2- a' 



Therefore, by applying inequality |(8.14)[ 
(8.16) 



Z a 



2-a 2-a 



since for a G [0,2] 



a8 — 2Q; + a; 2 + a r,3 — a 

+ a^ 2'" < 0, 

4 2-a 2 2-a 



2-.<!(3_,)<(8-2a + a^)(3-a) 



2(2 + a) 



The proof is complete. q.e.d. 

(8.17) Remark. The sums in |(8.10)| and |(8.11)| can be written in terms of hyper- 
geometric functions as follows 



2vr Jo Jo 



1 

27r Ji 



3-^2 
hoo /■27r 



a/2, a/2, (2 + a)/4; \ _ 
1, (6 + a)/4; ' 



2 + a 
2-a' 



[|t2/(2+a) + ^ie\^a _ ^-2a/(2+a)j ^^^^ 



2 + a 
2-a 



3-^2 



a/2, a/2, {a - 2)/4; 
1, (2 + a)/4; 



They are nearly-poised (of the second kind) hypergeometric functions evaluated in 
1. They are balanced (i.e. Saalschiitzian) if and only if a = 1. 
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9 The standard variation 



Assume that g is a parabolic collision solution of the particles in k C n, as defined in 
|(7.1)| for every t > 0. Up to a change of the time scale we can assume that k = 1, so 
that q = t2/(2+")s. Let 5 G = {M.'^f be a vector of norm \S\ = Y,-^^ Sf sufficiently 
small and T > a real number. In this section we will define the standard variation 
associated to 5, and show how to use the averaging estimate [(8l)1 of the previous 
section in our equivariant context. It will be of crucial importance to introduce the 
notions of definitions |(9.3) and |(9.4)[ since they are the building blocks of the 
rotating circle property (10.1)| that will be introduced in the next section. 

(9.1) Definition. The standard variation associated to 6 and T is defined as follows: 

'S ifO<t<T-|5| 



v\t) ={{T-t) 




6 



ifT-\6\<t<T 
if t > T 



Let U and /C denote the operators 



U{q){t) = J2 



minij 



i<j 



and 



(9.2) Let AA denote the difference A{q + v^) — A{q) (where A is meant in [0,T]j. 
Then for 5 — 



AA= |5|^-"/2^m,mj5(si-s 



J' 



1^1 



om) 



Proof. Since and q are bounded in a neighborhood of T, 



(/C(g 



/C(g)) dt 



and hence there exists a constant Ci > such that for every S sufficiently small 



{)C{q + v^) - }C{q)) dt 



<c,\6\. 



Furthermore, for every i > j , i, j & h, 



qj + vf -v^A 



+ 00 



\qi - qj +6i- 6j\ 



1 



dt 



dt + r{S), 
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where the remainder is 



r{6) 



T 



T-\5\ \\qi-qj + - h - Qj I 



+00 



T-\s\ Kh - Qj + I*. - ijl 



dt- 



dt. 



Now, the function 



\qi - Qj + vf - v^j\'^ \qi-qj\ 



is bounded in a neighborhood 



of T, hence there is a constant C2 such that 



T-\5\ V I* - qj + - I" - 



dt 



<C2\5\. 



Furthermore, since there is a constant C3 > such that for every 5 sufficiently small 
and for every t > T 



1 



1 



S^.)t2/(2+a) + 5^ _ ^.\a | (^^ _ s^.)t2/(2+a) | 



<C3|(5|t2("+l)/(2+"), 



the inequality 



+00 



1 



1 



dt 



lT-\s\\\qi-qj + ^i-^j\" \qi-qj\ 

holds for some constant C4 > and every 5^0. Therefore 



< C4|5| 



AA= (AJC + AU)dt = ^mimjS{si- Sj,6i~ 6j) +r{5) 



where \r{6)\ < c\6\ for some c > and every 6 ^0 ; S is defined in pl)j The 
conclusion follows at once by applying equation |(8.2)| q.e.d. 

(9.3) Definition. For a group H acting orthogonally on V, a circle S C (with 
center in G V) is termed rotating under if if S is invariant under H (that is, for 
every g & H gEi = Ei) and for every g & H the restriction 5f|S: § — >■ S of the orthogonal 
motion g: V V is a. rotation (where the identity is meant as a rotation of angle 
0). 

(9.4) Definition. Let i G n be an index and H G G a. subgroup. A circle S C 
(with center in G is termed rotating for i under if if S is rotating under H and 



where Hi C H denotes the isotropy subgroup of the index i in H relative to the 
action of H on the index set n induced by restriction (that is, the isotropy Hi = 
{geH \ gi = i}). 
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(9.5) Remark. It is not difficult to show that if § is rotating for i under H, then hS> 
is rotating for hi under H for every h & H. In fact hV^^ = V^^'^ = and the 
conjugate of a rotation is a rotation. Moreover, the motivation of this definition will 
become clear in the following sections. Actually, the main point will be to move the 
particle i away from the collision, with the further property that the configuration 
at the collision time is if-equivariant. Thus, moving away i will automatically (by 
equivariance) need to move away all the images of i in Hi (which is automatically H- 
homogeneous) , and of course i can be moved only in a direction fixed by its isotropy 
subgroup Hi. Hence, if a circle S C is rotating for the index i under H, then i can 
be moved away from in all the directions of S, since by hypothesis S C V^^ , and at 
the same time the corresponding bodies in Hi will be moved by equivariance in the 
same circle S (since by hypothesis HE> = §); not only, the total collision of the \Hi\ 
bodies is so replaced by a regular polygon (given by the rotation of the variation of 
i in E>). 

(9.6) Definition. A subset k C n is termed H -homogeneous for a subgroup H G G 
if H acts transitively on k, that is, for every i,j G k there exists a. h G H such that 
hi = j. This implies that rrii = rrij by |(3.1)} 

If k C n, then let Ak C V"" denote the space consisting in all configurations such 
that i ^ k =^ Xi = 0. It is isomorphic to the (not centered) configuration space in 
V of the k bodies in k. 

(9.7) Let H (Z G be a subgroup. Ifkcnis H -homogeneous and i G k, then there 
is an isomorphism (and isometry) 

defined by 

VpGr^%VjGk:(6,(p))^. = /i„p 
where hij is any element in H such that hi^i = j . 

Proof. The homomorphism (of vector spaces over M) Li does not depend on the 
choice of the the elements hij in H: if hii = h2i then /i^^/ii G Hi, so that hip = h2p. 
Furthermore, if for h & H I = h~^j G n, then / = h~^hiji for any hij such that 
hiji = j, and hence by |(3.2)| 

{hLi{p))j = h{L,{p))j^^rj = hh'^hijp = {Li{p))j 

that is, HLi{p) = ii{p). Consider the homomorphism rj: defined by the 

projection rj(g) = for every q G . It is easy to show, by the homogeneity of k, 
that Ti is the inverse of tj. The fact that ti is an isometry is easy to prove. q.e.d. 

(9.8) Consider a (right) blow-up q as in \(7.1 )\ of type k C n and a subgroup H C G. 
If there exists an index i G k and a circle E> G V which is rotating under H for the 
index i, then for every T > the average in § of the variation of the Lagrangian 
action (in the interval [0,T]) 

[ {A{q + v'^^P'^) - A{q)) dp < 

is negative. 
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Proof. First note that for p E E> the image S = Li{p) belongs to , and t>'-'(p) 
denotes the standard variation |(9.1)[ defined for t > and with support in [0,T]. 
By definition v'^^P^t) e for every t and tj|S is an embedding of § in X^- C X^ . 
Without loss of generality we can assume that i = l. By /g AAdp < if and 

only if 

(9.9) ^m,m,5(s, - s„ ^—^) < 

i<j I I 

where 6i = {Li{p))i = hi^ip for any hi^i G H such that hi^il = i. This implies that \6\ 

^ ^ 

is constant in 6i(S) and that as p ranges in §, for every j G k the difference \ 

\o\ 

ranges in a circle S' in if z, j G Hi C k then 

Si - Sj _ {hi^i - hij)p 



which describes a circle of radius 2(1 — cos 6*), where 6 is the angle of the rotation 
in § given by the composition of the rotations h^\hi j. On the other hand, if one 
considers indexes j ^ Hi, then 5j = and 

Sj - Sj _ hi^ip 

which describes in a circle of radius 1. Hence we can apply theorem |(8.4)| for every 
i,j in the sum in |(9.9)| to obtain the claimed statement. q.e.d. 

(9.10) Remark. The idea of the proof of [(9^ can be also sketched as follows: if 
there exists a circle S C which is rotating under the subgroup H for the index 
i, then one can replace the colliding particle i with a circle in the rotating circle S 
under H (which exists by hypothesis). The isotropy Hi needs to fix S, and H acts 
on S by rotation, hence by equivariance all the particles in Hi are replaced by circles 
hS (i.e. rotated copies of S). The main point is that the interaction of particles 
in Hi with the other particles and the interaction of particles within Hi both yield 
the same type of integral (namely, the integral which appears in the inequality of 
theorem 1(8. 4)| ), which lower the value of the action functional. 



10 The rotating circle property and the main the- 
orems 

Once analyzed the standard variation in the previous section, we can can now finally 
introduce the definition of rotating circle property and so state and prove the main 
theorems |(10.3)| and |(10.10)| Property |(10.1)| depends only on the group action, 
thus it is computable in terms of p, t and a. We will see in section ^2 that actions 
often have this property, so that the results |(10.3)| and (10.10)| can be applied to 



wide classes of group actions, together with proposition |(4.1) The proofs of |(10.3)| 
and 1(10.10)1 basically rely only on the averaging estimate (8.4)| and the properties 
of the standard variation. 
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The following definition is motivated by |(9.8)[ where the existence of a rotating 
circle under H for i is exploited to move away from the collision the i-th particle, 
while keeping the if-equivariance of the final trajectory. 

(10.1) Definition. We say that a group G acts (on T, n and V) with the rotating 
circle property (or, equivalently, that G has the rotating circle property, once the 
G-action is chosen) if for every T-isotropy subgroup Gt C G and for at least n — 1 
indexes i E n there exists in a rotating circle S under Gt for i. (See also in |(3.15)| 
the definition of T-isotropy and in |(9.4)| the definition of rotating circle). 

The trivial group has the rotating circle property. If a group G has the rotating 
circle property, then it is easy to show that any subgroup K C G has it. In fact, 
a group has the rotating circle property if and only if all its maximal T-isotropy 
subgroups have the property. We will see in the examples in the last section that 
to determine whether a group acts with the rotating circle property is usually a 
straightforward task. 



(10.2) Remark. The reason that in definition |(10.1) it is required the existence in 



V of a rotating circle S under the isotropy Gt for at least (n — 1) indexes in n is 
simply that, in order to apply the local averaging variation to all possible collisions, 
one has to be sure that there exists at least one particle i that can be moved away, 
for each choice of a cluster k C n. Since in a collision of type k there are necessarily 
at least 2 bodies and (n — 1) of the n bodies can be always moved, it follows that 
surely at least one of the colliding particles can be moved (see |(9.8)| and also the 
proof of theorem | ( 1 . 3 ) | below) . More generally, if t G T is a collision time and Gt its 
isotropy, then one can define the subset k^ C n of all those indexes i G n for which 
there is a rotating circle under Gt for i (thus, all those particles that can be moved 
away from a collision). The proof of |(10.3)| will show that in a local minimizer all the 
particles in ht are not colliding. Hence if kj has at least n — 1 elements, no particle 
can collide. More generally, if every k^ has at least n — k elements, then a colliding 
cluster in a local minimizer needs to consist of at most k particles. 

Before stating the next theorem, we would like to recall that a minimizer for the 
fixed-ends problem (also known as Bolza problem) is a minimizer of the Lagrangian 
action in the space Kx^yH^{\Q,l], X) of paths (defined in the time interval [0,1]) 
starting from the configuration x E X and ending in the configuration y E X. UK 
is a group acting on A as in |(3.3)[ in particular it acts on X and therefore on A^, 
If x,?/ G X^ , the ii'-equivariant Bolza problem consists in finding critical points (in 
our case, minimizers - see definition |(4.5)| ) of the the restriction of the Lagrangian 
functional to the fixed subspace A^^ C i^^([0, 1], A"-^). Using the defining property 
of the fundamental domain I, we will apply this result later to the case K = kerr 
(Theorem |(10.7)D . 

(10.3) Theorem. Consider a finite group K acting on A with the rotating circle 
property. Then a minimizer of the K-equivariant fixed-ends (Bolza) problem is free 
of collisions. 

Proof. Let x be a minimizer and let I = {Tq,Ti) denote the interior of its time 
domain. By |(4.11) x is a generalized solution in I. If there is an interior collision. 
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then by |(5.13)| there is an interior isolated colhsion at a time to G I. We can assume 
that to = 0. Let k C n be a colhding cluster for such a collision solution. If T > is 
small enough, then the interval [—T, T] is contained in the interior of I and does not 
contain collision times for t ^ 0. Thus there exists a (right and left) blow-up q{t) 
defined as in |(7.1)| by 



^2/(2+a)^. if ^ > 



for every i G k, where ^ and ^' are suitable central configurations. 

By hypothesis K has the rotating circle property |(10.1)| Furthermore, since 
x{t) e for every t, the centered cluster trajectory q{t) G , where H <Z K is 
the subgroup consisting of all the elements of G ker r such that g\^ = k. Therefore 
there exists i G k and a circle § C rotating under H for i, and hence by applying 
1(7.9)1 to both sides of [— T, 0] and [0,T] and adding the results, the average in S of 
the variation of A 

[ {Aiq + v^'^P^) - Aiq)) dp < 
is negative. Thus there is p G § such that ii 6 = ti{p), 



(10.4) A{q + v') - A{q) <0. 

Now, by [(9T)1 such 5 e . The subset Kk C n is the disjoint union of h images of 
k, where h is the index of H in K, and S yields in a unique way an element 6 G X^ 
(that we will denote still by S, with a abuse of terminology), by setting 6j = g6i if 
gi = j ioT g G K and with 6j = otherwise. Hence one can apply |(10.4)| and |(7.9)| 
h times (for both sides - and projecting on the centered variations if necessary), to 
show that there exists a sequence 

lim [ \C{x^" + ipn) - C{x^")] dt = h I \C{q + v^) - C{q)\ dt < 
"^~Jo Jo 

where v^{t) + ipnit) € x^'^'^'^ for every t G [— T, T]. But this means that x^" is not 
a local minimizer for n ^ 0, and by |(7.7)| that x is not a local minimizer. This 
contradicts the assumption, hence there cannot be interior collisions. q.e.d. 

(10.5) Remark. As explained in remark ['(10.2)[ one could easily rephrase and gen- 
eralize theorem (10.3)| as: Consider a finite group K acting on A. For every t G T 



let Kt denote its T-isotropy and let k^ be the subset kj C n o/ all those indexes i G n 
for which there is a rotating circle under Kt for i. If for every t G T the order |kt| 
is at least n — k, then a minimizer of the K-equivariant fixed-ends (Bolza) problem 
is free of collisions of type k, with |k| > k. 

(10.6) Corollary. For every a > 0, minimizers of the fixed-ends (Bolza) problem 
are free of interior collisions. 

Proof. If a > 2 this is well-known (see e.g. [211 IS!)- For a G (0,2), it follows from 
10.3)| by considering a trivial K. q.e.d. 
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(10.7) Theorem. Let G be a finite group acting on A. //ker r has the rotating circle 
property then any local minimizer of in A*^ does not have interior collisions. 

Proof. Let x be a local minimum and consider its restriction x|I: I ^kerr ^ 
fundamental domain I as defined in |(3.17)} It needs be a i^-equivariant minimizer 
for the fixed-ends problem, where K = kerr, and by |(10.3)| it does not have interior 
collisions. q.e.d. 

(10.8) Corollary. If the action of G on A is of cyclic type and kerr has the rotating 
circle property then any local minimizer of A'^ in A*^ is collisionless. 

Proof. If the action is of cyclic type, then there are no T-isotropy groups other than 
kerr, and hence a priori no boundary collisions. q.e.d. 

(10.9) Corollary. // the action of G on A is of cyclic type and kerr = 1 is trivial 
then any local minimizer of A''^ in A^ is collisionless. 

Proof. If ker r = 1 then G has the rotating circle property, and hence the conclusion 
follows from corollary |(10.9)| q.e.d. 

(10.10) Theorem. Consider a finite group G acting on A so that every maximal T- 
isotropy subgroup of G either has the rotating circle property or acts trivially on the 
index set n. Then any local minimizer of A^ yields a collision-free periodic solution 
of the Newton equations \(2.8)\ for the n-body problem in W^. 

Proof. Let x be a local minimizer of A^ in A*^. We have two cases: either one of 
the T-isotropy subgroups acts trivially on n or not. If yes, then kerr necessarily 
acts trivially on n, and therefore kerr = 1, because otherwise the action would be 



reducible (see equation (3.7)). So in both cases kerr acts with the rotating circle 
property and Theorem |(10.7)| can be applied, and hence the minimizer x does not 
have interior collisions. 

Assume that at time to ^ T a (boundary) collision occurs. Let k C n be a 
colliding cluster and q a corresponding (right) blow-up. First assume that the T- 
isotropy Hq of to has rotating circle property |(10.1)} Let H be the subgroup of Hq 
defined hy H = {g E G \ gto = to and (?k = k}. As in the proof of |(10.3)[ one just 
needs to show that there is 5 G such that A{q + v^) < A{q) (since in this case 
the variation for the right blow-up can be extended to give rise to an equivariant 
variation in T). But this follows from the fact that, since a maximal T-isotropy has 
the rotating circle property |(10.1)[ so H does. On the other hand, if Hq acts trivially 
on n, then H = Hq and dim\^^ > (otherwise x would be bound to collisions). As 
above, let k C n a colliding cluster and q a blow-up, with qi{t) = t2/(2+")^^ for some 
C,i G V, for i G k. Let n: V denote the projection 7r(p) = iHl^^YlgeudP- 

Consider an index i such that |7r(,^j)| > |vr(^j)| for every j G k and define 



5, 

if7r(e,)^0, or 



5, 



Avr(^») if j = i 
iij^i 

Ae if j = i 

lij^i 
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where e is an arbitrary nonzero vector e G if vr(^j) = for every j. It is 
not difficult to show that for every A > S{^i — ^j,Si — 6j) < 0, and hence that 
A{q + v^) < A{q) as claimed. q.e.d. 

(10.11) Remark. The existence of the variations in the proof of |(10.10)| shows that 
under the same hypotheses of |(10.10)[ paths in A"-^ are not bound to collisions. 



11 Examples 



Some well-known periodic orbits are now shown to exist as a consequence of the 
results of section E3 Furthermore, some interesting examples of group actions that 
fulfill the hypotheses of |(10.7)| or |(10.10)| are given. A complete classification of such 
group actions is beyond the scope of the present paper: in this section we include only 
a few examples that we consider particularly significative or interesting, for the sake 
of illustrating the power and the limitations of the approach. Well-known examples 
are the celebrated Chenciner-Montgomery "eight" 14, Chenciner-Venturelli "Hip- 
Hop" solutions [in] , Chenciner "generalized Hip- Hops" solutions [12] , Chen's orbit [I] 
and Terracini-Venturelli generahzed Hip- Hops |3S]. One word about the pictures of 
planar orbits: the configurations at the boundary points of the fundamental domain I 
are denoted with an empty circle (starting point Xi{0)) and a black disc (ending point 
Xi{t), with t appropriate), with a label on the starting point describing the index of 
the particle. The trajectories of the particles with the times in I are painted as 
thicker lines (thus it is possible to recover the direction of the movement from Xi{0) 
to Xi{t)). Unfortunately this feature was not possible with the three-dimensional 
images. 

Also, in all the following examples but |(11.4)| and |(11.5)| existence of the orbits 
follows directly from the results of the paper. The existence of the orbits described 
in examples |(11.4)| and (11.5)[ which goes beyond the scope of this article, has been 
recently proved by Chen in 0. Thousands of other suitable actions and the corre- 
sponding orbits have been found by a special-purpose computer program based on 
GAP fIU\. 

(11.1) (Choreographies) Consider the cyclic group G = Z„ of order n acting 
trivially on V, with a cyclic permutation of order n on the index set n = {1, . . . , n} 
and with a rotation of angle 27r/n on the time circle T. Since A"*^ = 0, by |(4.1)| the 
action functional A'-^ is coercive. Moreover, since the action of G on T is of cyclic type 
and kerr = 1, by |(10.8)| the minimum exists and it has no collisions. For several 
numerical results and a description of choreographies we refer the reader to |13j . 
Recently V. Barrutello and the second author have proved that in any dimension 
the minima with just the choreographic cyclic symmetry are just rotating regular 
polygons (see also [TT], 4.2. (i)). 

(11.2) Let n be odd. Consider the dihedral group G = D2n of order 2n, with the 
presentation G =< gi,g2\gi = 92 = (fl'ifl'2)^ = 1 >. Let r be the homomorphism 

^ and T{g2) = 



defined by T{gi) 



1 



cos — 

n 

sin^ 

n 



- sm — 

n 

COS^ 
n 



Furthermore, let 



the homomorphism p be defined by p{gi 



-1 
-1 



and p{g2) 



1 
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Finally, let G act on n by the homomorphism a defined as <y{gi) = {l,n — 1)(2, n — 
2) . . .{{n - l)/2, {n + l)/2), a{g2) = (1, 2, . . . , n), where {ii, ^2, • • • , ik) means the 
standard cycle-decomposition notation for permutation groups. By the action of g2 
it is easy to show that all the loops in A*^ are choreographies, and thus that, since 
X'^ = 0, the action functional is coercive. The maximal T-isotropy subgroups are the 
subgroups of order 2 generated by the elements gig2 with z = . . . n — 1. Since they 
are all conjugated, it is enough to show that one of them acts with the rotating circle 
property. Thus consider H =< gi >G G. For every index iG{l,2,...,n — 1} the 
isotropy <Z H relative to the action of if on n is trivial, and gi acts by rotation 
on \^ = M^. Therefore for every ie{l,2,...,n — Ijitis possible to choose a circle 
rotating under H for i, since, being trivial (see definition \(9A)\ , V^^ = V. The 
resulting orbits are not homographic (since all the particles pass through the origin 
at some time of the trajectory and the configurations are centered). For n = 3 this 
is the eight with less symmetry of JT]. See also [T^. Possible trajectories are shown 
in figures [T] and El 

(11.3) As in the previous example, let > 3 be an odd integer. Let G = C2n — 
Z2 + Z„ be the cychc group of order 2n, presented as G =< gi,g2\gi = g2 = 
gig2gi^g2^ = l >. The action of G on T is given by T{gig2) = 92n, where 92n denotes 
the rotation of angle n/n (hence the action will be of cyclic type). Now, G can 

act on the plane V = M."^ hj the homomorphism p defined by p{gi) = 



and p{g2] 



1 

Finally, the action of G on n = {1,2, ... ,n} is given by the 



1 
1 

homomorphism cr: G — S„ defined by cr((?i) = (), 0"((?2) = (1,2, .. . ,n). The cychc 
subgroup H2 =< g2 >C G gives the symmetry constraints of the choreographies, 
hence loops in A*^ are choreographies and the functional is coercive. Furthermore, 
since the action is of cyclic type, by |(10.8)| the minimum of the action functional is 
collisionless. It is possible that such minima coincide with the minima of the previous 
example: this would imply that the symmetry group of the minimum contains the 
two groups above. 

(11.4) Consider four particles with equal masses and an odd integer q > 3. Let 
G = D^g X G2 be the direct product of the dihedral group of order 4g with the group 
G2 of order 2. Let D^q be presented by D^q =< gi,g2\gi = fl'2'^ = {gig2Y = 1 >, and 
let c G G2 be the non-trivial element of G2. Now define the homomorphisms p, t 



and a as follows: p{gi) = ^{gi) 



10 , , , , cos 1^ -sin 2^ 
p[g2) = r{g2) 



-1 



2g 2g 

sin 1^ COS TT 

2q 2q 
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> \ / ^v. 

Figure 3: Another symmetry constraint \ / 

for an eight-shaped orbit {n = 5) y 

Figure 4: The orbit of example |(11.4)| with 

q = 3 



Pic) 



-1 



Tic 



1 






1 



cr 



(g,) = (1,2)(3,4), = (1,3)(2,4), a(c) 



(1,2)(3,4). It is not difficult to show that X'-^ = 0, and thus the action is coercive. 
Moreover, ker r = C2, which acts on with the rotation of order 2, hence kerr acts 
with the rotating circle property. Thus, by (10.7)| the minimizer exists and does not 
have interior collisions. To exclude boundary collisions we cannot use |(10.10)[ since 
the maximal T-isotropy subgroups do not act with the rotating circle property. A 
possible graph for such a minimum can be found in figure |31 for g = 3 (one needs 
to prove that the minimum is not the homographic solution - with a level estimate 
- and that there are no boundary collisions - with an argument similar to [Zj). See 
also [Hj for an updated and much generalized treatment of such orbits. 

(11.5) Consider four particles with equal masses and an even integer g > 4. Let G = 
Dq X C2 be the direct product of the dihedral group of order 2q with the group C2 of or- 
der 2. Let be presented by D^q =< gi, g2\gi = g2 = {.9192Y = 1 >; l^t c E C2 
be the non-trivial element of C2. As in example |(11.4)[ define the homomorphisms p, 

-1 



r and a as follows. p{gi 
P{c) ^ 



^igi 



,P(^2) = r{g2) 



cos 



sm 



2n 



q 

2tt 



sm 



2lT 



COS 



2tt 



' -1 " 




' 1 


" 


-1 









1 



a c 



a{gi) = (l,2)(3,4),a((72) = (1,3)(2,4), 

2) (3, 4) Again, one can show that a minimizer without interior collisions 
exists since ker t = C2 acts with the rotating circle property (a possible minimizer is 
shown in figure Ej). This generalizes Chen's orbit See also 

(11.6) (Hip-hops) If G = Z2 is the group of order 2 acting trivially on n, act- 
ing with the antipodal map on = and on the time circle T, then again 
X'^ = 0, so that 1(4.1)1 holds. Furthermore, since the action is of cyclic type 
proposition |(10.8)| assures that minimizers have no collisions. Such minimizers 
were called generalized Hip-Hops in JT]. See also ^21- A subclass of symmet- 
ric trajectories leads to a generalization of such a Hip-Hop. Let n > 4 an even 
integer. Consider n particles with equal masses, and the group G = C„ x C2 di- 
rect product of the cyclic group of order n (with generator ^fi) and the group C2 
of order 2 (with generator (72)- Let the homomorphisms p, a and r be defined 
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Figure 5: A possible minimizer for exam- 
pie [(TL5)1 



Figure 6: The Chenciner-Venturelli Hip- 
Hop 



by p{gi 



cos 
sin 





2ZL 
n 
2n 



— sm 



2lT 







cos 


(^(91. 



2-K 





1 



P{92 









-1 
-1 



, 't{9i 




1 



^1,2,3,4), a{92) = It is easy to see that X'^ = 0, 



and thus a minimizer exists. Since the action is of cyclic type, it suffices to exclude 
interior collisions. But this follows from the fact that kerr = C„ has the rotating 
circle property. This example is the natural generalization of the Hip-Hop solution 
of [ini to n > 4 bodies. We can see the trajectories in figure El 

(11.7) Consider the direct product G = DqX of the dihedral group Dq (with gen- 
erators 9i and 92 of order 3 and 2 respectively) of order 6 and the cyclic group C3 of 
order 3 generated by c G C3. Let us consider the planar n-body problem with n = 6 

with the symmetry constraints given by the following G-action. p{9i^ ' 







Pic) 



cos^ 
sin ^ 



sm 



2-K 



COS ^ 



COS^ 

27r 

sm ^ 



1 
-sin^ 
cos ^ 



'01" 




'10" 


1 


, r(c) = 


1 


1,2,3)(4,5,6). By |(4.1) 



, a{9i) = (1,3,2)(4,5,6), ^(^72) = (1, 4)(2, 5)(3, 6), 



P{92) 

-^{92) 

a{c) = (1, 2, 3)(4, 5, 6). By |(4.1)| one can prove that a minimizer exists, and since 
G acts with the rotating circle property (actually, the elements of the image of p 
are rotations) on T-maximal isotropy subgroups, the conclusion of theorem |(10.10)| 
holds. It is not difficult to see that configurations in ^^err given by two centered 
equilateral triangles. Now, to guarantee that the minimizer is not a homographic 
solution, of course it suffices to show that there are no homographic solutions in A*^ 
(like in the case of example |(11.2) ). This follows from the easy observation that 
at some times t E T with maximal isotropy it happens that 

and X3 = —xq, while at some other times it happens that xi = — X5, X2 = —xq and 
X3 = — X4 or that Xi = —xq, X2 = —X4 and X3 = — X5 and this implies that there are 
no homographic loops in A*^. With no difficulties the same action can be defined for 
n = 2k, where k is any odd integer. We can see a possible trajectory in figure d 
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Figure 7: The planar equivariant mini- 
mizer of example |(11.7)| 



Figure 8: The three-dimensional equivari- 
ant minimizer of example |(11.7)| 



Also, it is not difficult to consider a similar example in dimension 3. With n = 6 
and the notation of Dq and C3 as above, consider the group G = Dq x C3 y< C2- Let 
gi, g2, c be as above, and let C2 be the generator of C2. The homomorphisms p, r 



and a are defined in a similar way by p{gi] 



' 1 





" 




' -1 











1 





, P{92) = 





-1 
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1 





' cos^ 




" 




■ 1 








P{c) = 


sin^ 


cos^ 





, P(C2) = 





1 













1 










-1 



cos 
sin 



27r 
3 

27r 



— sm 



27r 



COS 



2tt 



Cr(fi'2 



'01" 




'10" 


, ^(C2) = 


' -1 " 


1 


, ric) = 


1 


-1 


1,4)(2,5)(3,6), a 


[c) = (: 


L,2,3)(4,5, 


3), o-(c2) = 



, aig^) = (1, 3, 2)(4, 5, 6), 



(). In the resulting coUi- 
sionless minimizer (again, it follows by |(4.1)| and |(10.10)| ) two equilateral triangles 
rotate in opposite directions and have a "brake" motion on the third axis. The likely 
shape of the trajectories can be found in figure |H1 



(11.8) Let A; > 2 be an integer, and consider the cyclic group G = Gq^ of order 
6k generated by the element c G G. Now consider orbits for n = 3 bodies in 
the space of dimension d = 3. With a minimal effort and suitable changes the 
example can be generalized for every n > 3. We leave the details to the reader. 



The homomorphisms p, r and a are defined by p(c) 



cos ■ 
sin ■ 




— sm ■ 
cosf 









Tic 



X 



G 



COS || 



cr(c) = (1,2,3). Straightforward calculations show that 



and hence proposition |(4.1)| can be applied. Furthermore, the action is 
of cyclic type with ker r = 1 , and hence by |(10.8)| the minimizer does not have 
collisions. It is left to show that this minimum is not a homographic motion. The 
only homographic motion in A'^ is a Lagrange triangle y{t) = (l/i, ?/2, |/3)(i), rotating 
with angular velocity 3 — 2A; (assume that the period is 27r, i.e. that T = |T| = 2tt) 
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Figure 9: The non-planar choreography of 

1(11.8)1 for k = A 

Figure 10: A non-planar symmetric orbit 
of 1(11.9)1 with A; = 3 and p = 1 



in the plane us = (let ui,U2,us denote the coordinates in M^). To be a minimum 
it needs to be inscribed in the horizontal circle of radius ( ^°|_^^^2 )^/*^^^"-'. Now, 
for every function 0(t) defined on T such that (f){c^t) = —(f){t), the loop given by 
vi{t) = (0,0, 0(t)), V2it) = (O,O,0(c^2^)) and f3(t) = (0,0, ^(c^t)) is G-equivariant, 
and thus belongs to A"^. If one computes the value of Hessian of the Lagrangian 
action A in y and in the direction of the loop v one finds that 

DlA\y = 3 <j)\t)dt - 2(3 - 2kf / (0(t) + (j){ct)fdt. 
Jo Jo 

In particular, if we set the function (pit) = sin{kt), which has the desired property, 
elementary integration yields 

DlA\y = Snik"^ - 2(3 - 2kf), 

which does not depend on a and is negative for every A; > 3. Thus for every k > 3 
the minimizer is not homographic. We see a possible trajectory in figure 01 

(11.9) Remark. In the previous example, if A; ^ mod 3, the cyclic group G 
can be written as the sum C3 + C2k- The generator of C3 acts trivially on V, acts 
with a rotation of order 3 on T and with the cyclic permutation (1, 2, 3) on {1, 2, 3}. 
This means that for all ^ mod 3 the orbits of example 1(11.8)1 are non-planar 
choreographies. Furthermore, it is possible to define a cyclic action of the same kind 



cos ^TT — sin ^TT 

sin ^TT cos -^n 



by setting r and a as above and p(c) 

0-1 
non-zero integer. If p = 3 one obtains the same action as in examp 
can perform similar computations and obtain that the Lagrange orbit (with angular 
velocity p — 2k, this time) is not a minimizer for all [p, k) such that < p < 3A; and 
k^ - 2(p - 2ky < 0. 



where p is a 
e 1(11.8)1 One 
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(11.10) Remark. We would like to conclude the article with the observation that, 
after [(XT)] and |(10.10)1 it is interesting to determine a classification of the G-actions 
on A (given by p, a and r as in |(3.3)| ) with the rotating circle property and such that 
X'^ = 0. These conditions can be tested easily on a computer algebra system (we 
have used GAP jSHj to check and find examples). Some preliminary results on such 
a classification can be found in ^H] and this is the topic of a paper in preparation. 
Furthermore, we are planning to put on-line on a web page some animations of the 
periodic orbits found (in the order of hundreds, at the moment). Please contact one 
of the authors if interested. 



References 

[1] Ambrosetti, a. Critical points and nonlinear variational problems. Mem. 
Soc. Math. France (N.S.), 49 (1992), 139. 

[2] Ambrosetti, A., and Coti Zelati, V. Periodic solutions of singular La- 
grangian systems, vol. 10 of Progress in Nonlinear Differential Equations and 
their Applications. Birkhauser Boston Inc., Boston, MA, 1993. 

[3] Ambrosetti, A., and Coti Zelati, V. Periodic solutions of singular La- 
grangian systems, vol. 10 of Progress in Nonlinear Differential Equations and 
their Applications. Birkhauser Boston Inc., Boston, MA, 1993. 

[4] Arioli, G., Gazzola, F., and Terracini, S. Minimization properties of 
Hill's orbits and applications to some iV-body problems. Ann. Inst. H. Poincare 
Anal. Non Lmeaire i7, 5 (2000), 617-650. 

[5] Bahri, a., and Rabinowitz, P. H. Periodic solutions of Hamiltonian sys- 
tems of 3-body type. Ann. Inst. H. Poincare Anal. Non Lineaire 8, 6 (1991), 
561-649. 

[6] Bessi, U., and Coti Zelati, V. Symmetries and noncollision closed orbits 
for planar A^-body-type problems. Nonlinear Anal. 16, 6 (1991), 587-598. 

[7] Chen, K.-C. Action-minimizing orbits in the parallelogram four-body problem 
with equal masses. Arch. Ration. Mech. Anal. 158, 4 (2001), 293-318. 

[8] Chen, K.-C. Binary decompositions for planar n-body problems and symmet- 
ric periodic solutions. Preprint (2003). 

[9] Chenciner, a. Collisions totales, mouvements completement paraboliques et 
reduction des homotheties dans le probleme des n corps. Regul. Chaotic Dyn. 
3, 3 (1998), 93-106. J. Moser at 70 (Russian). 

[10] Chenciner, A. Action minimizing periodic orbits in the Newtonian n-body 
problem. In Celestial mechanics (Evanston, IL, 1999). Amer. Math. Soc, Prov- 
idence, RI, 2002, pp. 71-90. 

[11] Chenciner, A. Action minimizing solutions of the newtonian n-body problem: 
from homology to symmetry, August 2002. ICM, Peking. 



50 



Chenciner, a. Simple non-planar periodic solutions of the n-body problem. 
In Proceedings of the NDDS Conference, Kyoto. 2002. 

Chenciner, A., Gerver, J., Montgomery, R., and Simo, C. Simple 
choreographic motions of N bodies: a preliminary study. In Geometry, mechan- 
ics, and dynamics. Springer, New York, 2002, pp. 287-308. 

Chenciner, A., and Montgomery, R. A remarkable periodic solution of 
the three-body problem in the case of equal masses. Ann. of Math. (2) 152, 3 
(2000), 881-901. 

Chenciner, A., and Venturelli, A. Minima de I'integrale d'action du 
probleme newtonien de 4 corps de masses egales dans r^: orbites "hip-hop". 
Celestial Mech. Dynam. Astronom. 77, 2 (2000), 139-152 (2001). 

Dacorogna, B. Direct methods in the calculus of variations, vol. 78 of Applied 
Mathematical Sciences. Springer- Verlag, Berlin, 1989. 

Dell' Antonio, G. Non-collision periodic solutions of the A^-body system. 
NoDEA Nonlinear Differential Equations Appl. 5, 1 (1998), 117-136. 

ElBialy, M. S. Collision singularities in celestial mechanics. SI AM J. Math. 
Anal. 21, 6 (1990), 1563-1593. 

Ferrario, D. L. Symmetric periodic orbits for the n-body problem: some 
preliminary results, 2002. Preprint of the Max-Planck-Institut fiir Mathematik 
MPI-2002-79. 

The gap Group. CAP - Croups, Algorithms, and Programming, Version 
4.3, 2002. (http: / / www.gap-system.orgJ . 

Gordon, W. B. Conservative dynamical systems involving strong forces. 
Trans. Amer. Math. Soc. 204 (1975), 113-135. 

Majer, p., and Terracini, S. On the existence of infinitely many periodic 
solutions to some problems of n-body type. Comm. Pure Appl. Math. 4^, 4: 
(1995), 449-470. 

Marchal, C. The family P12 of the three-body problem — the simplest family 
of periodic orbits, with twelve symmetries per period. Celestial Mech. Dynam. 
Astronom. 78, 1-4 (2000), 279-298 (2001). New developments in the dynamics 
of planetary systems (Badhofgastein, 2000). 

Marchal, C. How the method of minimization of action avoids singularities. 
Celestial Mechanics and Dynamical Astronomy 83 (2002), 325-353. 

Montgomery, R. The A^-body problem, the braid group, and action- 
minimizing periodic solutions. Nonlinearity 11, 2 (1998), 363-376. 

Montgomery, R. Action spectrum and collisions in the planar three-body 
problem. In Celestial mechanics (Evanston, IL, 1999), vol. 292 of Contemp. 
Math. Amer. Math. Soc, Providence, RI, 2002, pp. 173-184. 



51 



[27] Moore, C. Braids in classical dynamics. Phys. Rev. Lett. 70, 24 (1993), 3675- 
3679. 

[28] Palais, R. S. The principle of symmetric criticality. Comm. Math. Phys. 69, 
1 (1979), 19-30. 

[29] PoiNCARE, H. Sur les solutions periodiques et le principe de moindre action. 
C. R. Acad. Sci. Paris Ser. I Math. 123 (1896), 915-918. 

[30] RlAHl, H. Study of the critical points at infinity arising from the failure of the 
Palais-Smale condition for n-body type problems. Mem. Amer. Math. Soc. 138, 
658 (1999), viii+112. 

[31] Sbano, L. The topology of the planar three-body problem with zero total 
angular momentum and the existence of periodic orbits. Nonlinearity 11, 3 
(1998), 641-658. 

[32] Serra, E., AND Terracini, S. Colhsionless periodic solutions to some three- 
body problems. Arch. Rational Mech. Anal. 120, 4 (1992), 305-325. 

[33] Serra, E., and Terracini, S. NoncoUision solutions to some singular mini- 
mization problems with Keplerian-like potentials. Nonlinear Anal. 22, 1 (1994), 
45-62. 

[34] Sperling, H. J. On the real singularities of the A'"-body problem. J. Reine 
Angew. Math. 245 (1970), 15-40. 

[35] Terracini, S., and Venturelli, A. Article in preparation (2002). 

[36] Venturelli, A. Application de la minimisation de I'action au Probleme des 
N corps dans le plan et dans I'espace. Thesis. University Paris VII, December 
2002. 

[37] WiNTNER, A. The Analytical Foundations of Celestial Mechanics. Princeton 
Mathematical Series, v. 5. Princeton University Press, Princeton, N. J., 1941. 



52 



